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SECTION  I 
INTRODUCTION 


A.  OBJECTIVE 

The  objective  of  this  investigation  is  to  study  the  behavior  of 
reinforced  concrete  structural  systems  including  slabs,  beams  and 
beam- columns ,  subjected  to  localized  loads  in  both  the  static  and 
dynamic  domains .  The  approach  is  specifically  aimed  to  develop  of  - 
reliable,  accurate,  and  efficient  models  that  can  predict  the 
resistance  of  reinforced  concrete  structural  elements  subjected  to 
localized  loads  from  onset  of  loading  all  the  way  to  the  failure  of 
the  element. 

B.  BACKGROUND 

The  design  of  reinforced  concrete  structural  elements  subjected  to 
localized  loads ,  such  as  those  generated  by  blast  forces  from  the 
detonation  of  conventional  weapons,  involves  uncertainties  with 
respect  to  the  expected  forcing  function  and  the  structural  behavior. 
Because  of  the  uncertain  nature  of  such  loads ,  the  effect  of  the 
applied  loads  may  exceed  the  strength  and/or  deformation  capacity  of 
the  individual  structural  elements.  Generally,  more  information  on  the 
variability  of  the  potential  loads  and  a  better  understanding  of  the 
behavioral  response  of  the  structure  will  reduce  the  possibility  of 
failure  and  increase  the  probability  of  a  structure's  survival. 
Therefore,  a  knowledge  of  the  expected  resistance  of  the  individual 
elements,  as  well  as  the  overall  performance  of  the  structural  system 
under  the  given  loading  condition,  becomes  Important  to  design 
process,  since  this  knowledge  may  give  the  designer  with  a  more 
complete  overview  of  the  structural  performance. 

In  analysis  of  reinforced  concrete  structures,  one  is  often 
concerned  with  the  actual  strength  and  deformation  capabilities  of  a 
structural  element  under  a  combined  state  of  loading,  that  is, 
flexure ,  shear  and  axial  forces .  This  issue  becomes  very  critical  if 
the  structures  are  expected  to  provide  protection  against  modern 
conventional  weapons.  The  development  of  reliable  analytical/numerical 
techniques  for  predicting  the  structural  response  is  particularly 
important  since  it  provides  the  means  for  controlling  the  entire 
structural  behavior  to  be  within  a  desired  range.  Thus,  creating  the 
need  for  a  rational  and  analytical  procedure  for  predicting  the 
strength  and  deformation  of  reinforced  concrete  structural  elements 
under  the  effect  of  severe  localized  loads. 

C .  SCOPE 

The  analytical  models,  along  with  the  results  obtained  from  the 
application  of  the  present  procedure,  are  presented  in  the  following 
sections . 

Section  II  summarizes  the  existing  and  relevant  information  for 
analysis  of  reinforced  concrete  beams  subjected  to  localized  static 
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loads.  It  includes  a  backgroiind  on  the  material  properties  and  the 
procedure  to  compute  the  moment -curvature  relationship  for  the  cross 
section  of  a  beam  or  a  bean-column.  In  studying  the  various  modes  of 
failure  at  the  ultimate  condition,  the  lack  of  the  general  criteria 
for  failure  in  reinforced  concrete  structural  elements  is  discussed. 

As  a  result  of  combining  empirical  results  from  previous  investigation 
with  the  present  assumptions  about  the  behavior  of  the  structure  at 
the  ultimate  condition,  an  improved  model  for  the  failure  criteria  is 
also  proposed  in  Section  II. 

Existing  analytical  and  experimental  background  on  the 
interaction  and  influence  of  shear  in  reducing  the  flexural  capacity 
of  the  reinforced  concrete  structural  elements  is  studied  and 
discussed  in  Section  II.  The  truss  mechanism  analogy, 
extensive  experimental  data,  and  empirical  models  obtained  from  the 
literature,  are  used  to  develop  a  modified  model  for  evaluating  the 
influence  of  shear  in  reducing  the  flexural  capacity  of  the  element. 

The  last  part  of  Section  II  is  devoted  to  analysis  for  deriving 
the  load-deformation  behavior  of  the  structural  element.  The 
computational  procedure  developed  for  this  purpose  accounts  for  the 
load- dependent  and  nonlinear  distribution  of  curvature,  influence  of 
the  boundary  conditions,  formation  and  propagation  of  plastic  zones, 
and  the  second-order  effect  of  the  axial  compressive  force. 

The  behavior  and  modeling  of  reinforced  concrete  members  under 
time -dependent  localized  load  is  studied  and  discussed  in  Section  III. 
The  procedure  for  obtaining  an  equivalent  dynamic  model  with  nonlinear 
characteristics  is  reviewed  and  is  followed  by  the  proposed  modified 
equivalent  single-degree-of-freedom  (SDOF)  model  for  analysis  of 
reinforced  concrete  structural  elements  subjected  to  high  intensity 
dynamic  loads.  The  modified  model  accounts  for  the  potential 
nonlinearities  associated  with  the  materials,  support  conditions,  and 
the  dissipation  of  energy  under  dynamic  conditions.  Furthermore,  an 
approximate  method  is  developed  for  evaluating  the  shearing  response 
of  the  elements  at  the  critical  locations. 

To  evaluate  the  validity  and  to  demonstrate  the  effectiveness  of 
the  present  approach,  a  number  of  reinforced  concrete  structural 
elements  tested  by  other  Investigations  are  analyzed  in  Section  IV.  In 
the  static  domain,  these  Include  two  groups  of  reinforced  concrete 
beams  and  one  group  of  reinforced  concrete  beam-columns.  In  the 
dynamic  domain,  the  analysis  is  performed  for  reinforced  concrete 
beams  subjected  to  Impact  loads,  and  for  reinforced  concrete  wall 
slabs  subjected  to  detonation  loads  of  conventional  explosive  devices. 
For  all  cases,  the  computed  results  are  compared  with  the  available 
measured  experimental  data,  as  reported- in  the  original  sources. 
Additional  analytic  results  and  all  experimental  data  from  the 
previous  experimental  investigations  are  provided  in  Appendix  B 
through  D. 

Section  V  summarizes  the  proposed  procedure  and  the  results 
obtained.  General  conclusions  and  recommendations  for  the  future 
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studies  are  also  presented  in  that  section. 
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SECTION  II 

ANALYTICAL  MODELING  OF  STRUCTURAL  BEHAVIOR  IN  THE  STATIC  DOMAIN 

A.  INTRODUCTION 

The  behavior  of  reinforced  concrete  beans  and  beam-colunms  has 
been  investigated  theoretically  and  experimentally  in  the  past,  and  a 
tremendous  amount  of  information  on  varioxxs  aspects  of  the  subject  is 
available  in  the  literature.  This  section  provides  only  the 
information  relevant  to  the  analytical  modeling  of  reinforced  concrete 
structural  elements  developed  through  the  course  of  the  present 
investigation.  It  describes  the  material  models  for  longitudinal  steel 
and  concrete  employed  in  the  present  study.  The  behavior  of  reinforced 
concrete  members  subjected  to  flexure  is  surveyed  briefly,  followed  by 
the  assumptions  and  the  numerical  model  used  to  analyze  the  flexural 
resistance  of  reinforced  concrete  beams  and  beam-columns.  Study  of  the 
previous  investigations  revealed  that  none  of  the  available  models 
could  provide  an  accurate  description  of  the  failure  (collapse)  at  the 
ultimate  condition.  This  issue  is  investigated  in  the  present  study, 
and  has  resulted  in  proposed  improved  models  for  the  failure  criteria 
in  reinforced  concrete  beams.  The  influence  of  shear  on  the  flexural 
behavior  with  or  without  the  presence  of  web  reinforcement  is 
discussed  and  a  modified  method  is  proposed  to  account  for  the 
influence  of  web  reinforcement  on  the  flexural  capacity  of  deep  and 
slender  beams.  Also,  the  effect  of  axial  compressive  force  on  the 
flexural  performance  of  the  cross  section  is  discussed. 

B.  MATERIAL  MODELS 


1.  Longitudinal  Reinforcement 

The  actual  shape  of  the  stress -strain  curve  for  the 
longitudinal  reinforcing  bars  must  be  considered  in  obtaining  an 
accurate  estimate  of  moment  and  curvature.  A  typical  stress -strain 
curve  for  moderate  strength  steel  consists  of  the  three  parts  (Figure 
1):  (1)  the  linear  elastic  region,  (2)  the  yield  plateau,  and  (3)  the 
strain-hardening  region. 


Region  AB;  (c,  <  Cy) 

In  the  elastic  region,  stress  is  assumed  to  be  proportional  to  strain 
by  Young's  modulus  of  elasticity. 


f 


S 


(1) 


where,  is  the  steel  strain,  is  the  yield  strain  of  steel,  E,  is 
the  modulus  of  elasticity  for  steel,  and  f^  is  the  steel  stress. 


Region  BC:  (Cy  5 

In  the  yield  plateau  strains  increase  with  no  increase  in  stress  up 
to  the  beginning  of  strain  hardening.  The  length  of  the  yield  plateau 
depends  on  the  yield  strength  of  steel.  Generally,  high  strength  steel 
has  a  shorter  yield  plateau  than  low  strength  steel.  The  stress -strain 
relationship  for  region  BC  in  Figure  1  is  as  follows; 
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f.  -  f,  (2) 

where,  is  the  strain  at  which  strain  hardening  begins. 

Region  CD:  (c,  2s  c,j,) 

The  strain  hardening  of  steel,  shown  by  region  CO  in  Figure  1,  has 
been  modeled  by  Bums  and  Sless  In  Reference  1  as  follows: 


-  £,„)  +2  c,  -  f„ 

t -  +  -  (— )  -  1.7)] 

«°“s  •  ‘sh>  ^  *su  -  *sh  *y 


(3) 


Park  and  Paulay  (Reference  2)  proposed  a  different  formulation  for 
region  CD: 
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where , 


(4-a) 


m 


(— )(30+r+l)^  -  60r  *  1 


15r^ 


(4-b) 


and 

-  ultimate  strain, 
f  -  ultimate  stress. 

U 

Evaluation  of  numerical  results  as  reported  in  Reference  3  has 
indicated  that  Equation  (4-a)  provides  better  results  and  thus,  it 
will  be  used  in  this  study. 

2.  Unconfined  Concrete 

The  stress-strain  relationship  for  unconflned  concrete  is 
normally  obtained  by  standard  cylinder  tests  in  the  laboratory.  The 
test  results  in  Reference  4  show  that  plain  concrete  under  uniaxial 
compression  can  resist  a  maximum  stress  of  f'^.  (generally  known  as  the 
uniaxial  concrete  compressive  strength)  at  a  strain  of  approximately 
0.002.  From  the  same  test  results  it  has  also  been  found  that  at 
strains  higher  than  0.002,  concrete  is  still  capable  of  providing 
resistance  up  to  its  ultimate  useful  strain  at  which  it  can  no  longer 
resist  any  additional  stress. 
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One  of  the  most  realistic  stress-strain  curves  for  unconfined 
concrete  has  been  suggested  by  Hognestad  in  Reference  4.  Hognestad's 
model  assumes  a  second-degree  parabola  between  zero  strain  up  to 
0.002,  where  f*^  is  reached.  Beyond  the  strain  of  0.002,  the  strain 
increases  to  0.0038,  while  the  stress  decreases  to  0.85f'^.  The 
material  model  for  the  unconfined  concrete  used  later  for  the  flexural 
analysis  in  this  study  is  very  similar  to  the  relationships  proposed 
in  Reference  4,  except  that  the  ultimate  useful  strain  of  concrete  is 
taken  as  0.004  Instead  of  0.0038.  Referring  to  Figure  2,  the  stress - 
strain  relationship  for  unconfined  concrete,  namely  the  side  and  top 
covers  in  the  compression  zone  of  the  cross  section  of  beam  and  beam- 
columns,  is  described  by  the  following  formulation: 

Part  1  :  For  the  strain  range  0.  <  <  0.002  (where  is  the 

concrete  strain  and  0.002  is  the  strain  corresponding  to  the  maximum 
compressive  strength),  the  stress-strain  relationship  is  parabolic  and 
can  be  represented  by  the  following  expression: 


2c. 


fc  -  f'c  [- 


-  (- 


0.002  0.002 


(5) 


where,  f^  is  the  stress  in  concrete. 

Part  2  :  For  the  strain  range  0.002  <  <  0.004,  the  concrete 

stress  is  assumed  to  vary  linearly  from  f'^  to  0.85f'^  at  the  strain 
of  0.004  as  follows. 


f^  -  f'^  [1  -  Z(c^  -  0.002)1 


(6) 


where,  Z  i'.  the  line  slope  derived  from  the  above  mentioned 
parameters . 

Part  3  :  For  the  strain  range  >  0.004,  the  unconfined  concrete 
cover  is  assumed  to  have  spalled  off,  thus  resisting  no  stress. 


f 


C 


-  0. 


(7) 


Hence,  The  cover  is  assvimed  to  contribute  to  the  strength  of  the 
section  so  long  as  the  strain  is  not  larger  than  0.004,  while  at  any 
strain  beyond  this  value,  the  cover  does  not  resist  any  stress. 

The  assumption  that  the  concrete  cover  in  the  compression  zone 
would  lose  strength  and  eventually  spall  off  has  been  employed  by 
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Figure  2.  Stress -Strain  for  Unconfined  Concrete. 
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other  investigators.  Baker  and  Amarakone  (Reference  5)  assumed  that 
spalling  occurs  at  strain  of  0.0035,  while  Blume  et  al.  (Reference  6) 
chose  the  spalling  strain  of  0.004.  Krauthammer  and  Hall  (Reference  3) 
assumed  that  concrete  cover  crushes  at  the  strain  of  0.004,  but  it  may 
still  resist  compressive  stresses  so  long  as  spalling  has  not 
occurred.  Furthermore,  they  assumed  that  spalling  occurs  when  the 
strain  at  the  level  of  the  compression  longitudinal  reinforcement 
reaches  0.004,  but  idealized  the  concrete  cover  located  between  the 
compression  reinforcement  and  the  neutral  axis  to  remain  on  the  cross 
section  at  strains  larger  than  0.004  and  to  resist  compressive 
stresses  in  the  range  of  between  O.Sf'^  to  O.SSf'^.. 

The  maximum  usable  strain  at  the  extreme  compression  fiber  is 
taken  as  0.003  by  the  ACI  318-1983  Code  (see  Reference  7). 

3.  Confined  Concrete 

In  most  reinforced  concrete  structural  elements ,  concrete  is 
confined  by  transverse  reinforcement  in  the  form  of  rectangular  hoops 
or  spirals.  At  low  stress  levels,  the  confined  concrete  will  resist 
the  applied  compressive  stresses  and  deform  in  a  manner  similar  to 
unconfined  concrete.  Due  to  the  internal  cracking  and  crushing  of 
concrete  at  higher  stress  levels,  lateral  deformations  in  the  concrete 
increase,  and  the  concrete  will  push  against  the  lateral 
reinforcement.  In  response,  the  lateral  reinforcement  confines  the 
concrete  and  improves  its  stress-strain  characteristics.  This 
phenomenon  was  first  observed  by  Richart  et  al.  (Reference  8)  during 
triaxlal  compression  tests  on  reinforced  concrete  cylinders  loaded 
axially  and  subjected  to  lateral  confining  fluid  pressure.  The 
experimental  results  by  Richart  et  al.  (Reference  8)  and  later  by 
Balmer  in  Reference  9  have  Indicated  that  an  increase  in  lateral 
pressure  increases  the  ultimate  strength  and  ductility  of  reinforced 
concrete  members . 

The  behavior  of  concrete  confined  by  rectangular  hoops  was 
studied  previously,  as  reported  in  the  literature  (see  References 
1,5,6,10,11,12,  and  13).  A  brief  description  of  a  few  material  models 
for  concrete  confined  by  rectangular  hoops  is  given  in  Reference  2. 

The  stress -strain  relationship  employed  in  this  study  for 
confined  concrete  in  the  compression  zone  of  a  beam  was  originally 
proposed  by  Vallenas  et  al.,  in  Reference  14  for  axially  loaded 
compression  members,  and  later  modified  by  Krauthammer  and  Hall 
(Reference  3)  to  represent  the  behavior  of  confined  concrete  in  beams 
or  in  beam-columns.  This  stress-strain  curve  consists  of  three  parts 
as  described  below  and  shown  in  Figure  3. 

Part  1  :  For  the  strain  range  0.  ^  where  is  the 

concrete  strain  corresponding  to  the  maximum  stress,  the  stress-strain 
relationship  is  parabolic. 
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Figure  3..  Stress-Strain  for  Confined  Concrete. 
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Part  2  :  For  the  strain  range  where  3,^  is  the 
strain  at  which  the  concrete  stress  Is  reduced  to  0.3Kf’^,  the  stress- 
strain  relationship  Is  linear  and  described  by  the  following  equation: 


-  K  fjl  -  0.8Z£„(—  -  1)] 


(9) 


where,  parameters  c  ,  K,  and  Z  are  given  by  the  following  expressions. 
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Part  3  ;  The  third  part  of  the  curve  Is  for  strains  larger  than 


'O  .  31C 


f  -  0.3K  f' 
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(13) 


and. 


-  elastic  modulus  of  concrete  (psl) 
h"  -  average  core  dimensions  of  the  confined  concrete  compression 
zone  measures  to  the  outside  of  stirrups  (inches), 
p^  -  ratio  of  the  volume  of  confining  steel  to  the  volume  of  the 


12 


confined  concrete  core  per  unit  length  of  the  beam,  both  In 
the  compression  zone, 

p'  -  longitudinal  compression  reinforcement  ratio, 
f"y  -  yield  stress  of  hoops, 

S  -  spacing  of  hoops  (Inches), 

D"  -  nominal  diameter  of  hoops  (Inches), 

D'  -  nominal  diameter  of  longitudinal  compression 
reinforcement  (Inches) 

The  above  formulation  shows  that  the  shape  of  the  stress -strain 
relationship  for  confined  concrete  depends  on  the  parameters  e^,  K, 
and  Z,  which  depend  on  the  location  of  the  neutral  axis.  Such  a  model 
will  provide  a  unique  stress-strain  curve  for  any  specific  depth  of 
the  neutral  axis.  It  Is,  however,  noted  In  Reference  2  that  using  such 
relationship  for  flexural  analysis  of  beams  In  which  part  of  the  cross 
section  Is  in  tension  may  be  a  questionable  assumption.  The  low  stress 
concrete  in  the  tension  zone  helps  to  confine  the  compressed  concrete 
(as  discussed  In  Reference  2)  and,  for  this  reason,  p^  is  defined  In 
this  study  specifically  for  the  compression  zone. 

C.  MEMBERS  IN  FLEXURE 

The  methods  of  evaluating  the  flexural  capacity  and  curvature  of 
the  cross  section  at  various  loading  stages,  as  presented  In  the 
available  literature  (References  2,3,15,  and  16),  is  discussed  here. 

In  general  terms,  the  procedure  is  based  on  a  number  of  assumptions 
about  the  behavior  of  the  cross  section  in  bending  and  employs  the 
stress -strain  curves  for  longitudinal  steel  and  concrete,  as  discussed 
earlier.  The  method  was  applied  successfully  in  the  past  (References 
2,3,  and  16)  for  the  analysis  of  reinforced  concrete  beams  and  beam- 
columns  . 

The  present  numerical  model  for  the  flexural  analysis  of 
reinforced  concrete  beams  employs  the  following  ass\imptions: 

1.  Plane  sections  before  bending  remain  plane  after  bending 
(Bernoulli's  principle).  This  assumption  Implies  that  the 
strains  have  a  linear  distribution  over  the  cross  section. 
Experimental  results  indicated  this  to  be  reasonably 
accurate  In  analyzing  the  flexural  strength  of  reinforced 
concrete  members  at  all  stages  of  loading  up  to  failure. 
However,  In  the  tensile  zone  of  the  cross  section,  where  the 
bond  between  steel  and  concrete  nay  deteriorate,  the 
relative  local  slip  between  the  tensile  reinforcement  and 
the  surrounding  concrete  distorts  the  validity  of  this 
assumption.  Although,  if  the  concrete  strain  is  measured 
across  several  cracks  In  that  region,  Bernoulli's  principle 
would  still  be  valid  for  the  average  strain  measured  In  that 
region,  as  discussed  In  Reference  2.  In  addition,  attention 
must  be  given  to  the  analysis  of  deep  reinforced  concrete 
beams  In  flexure,  since  this  assvunptlon  Is  not  completely 
valid  for  deep  cross  sections,  as  discussed  In  References  2 
and  3. 
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2.  Tensile  strength  of  concrete  below  the  neutral  axis  Is 
Ignored.  Concrete  Is  weak  in  tension  and  cracks  at  early 
loading  stages,  well  before  the  yielding  of  the  tensile 
reinforcement.  Thus,  the  contribution  of  concrete  below  the 
neutral  axis  can  be  reasonably  neglected  In  studying  the 
post-yielding  flexural  behavior  of  the  member. 

3.  The  stress-strain  relationship  for  steel  and  concrete  Is 
well  defined.  The  longitudinal  tensile  and  compression 
reinforcement  are  assximed  to  behave  according  to  the  stress - 
strain  model  discussed  previously  In  Section  11-B-l.  The 
stress -strain  curve  for  iinconflned  and  confined  concrete  In 
the  compression  zone  was  also  described  In  Sections  II -B- 2 

and  II-B-3,^respectlvely. 

; 

The  numerical  method  for  obtaining  the  moment -curvature  diagram 
Is  straightforward  and  similar  to  procedures  In  References  2,3,16.  For 
any  load  level  that  corresponds  to  a  fixed  strain  In  the  tensile 
reinforcement,  a  location  (or  distance  from  the  extreme  compression 
fiber)  of  the  neutral  axis,  kd.  Is  assumed  and  a  linear  strain 
distribution  Is  Imposed  on  the  cross  section.  Then,  the  concrete 
compression  zone  Is  divided  Into  N1  arbitrary  number  of  layers 
parallel  to  the  neutral  axis  (Figure  4).  Using  the  first  assumption, 
the  strain  at  the  center  of  the  concrete  layer  1,  and  the  strain 

for  the  steel  bar  j,  can  be  obtained.  Knowing  the  stress-strain 

relationship  of  steel  and  concrete,  the  stresses  for  each  concrete 
layer  1,  and  steel  bar,  j,  can  be  computed.  These  are  f^j  and  f,^,-^  -- 
respectively.  The  total  compressive  force  of  concrete  acting  on  the 
cross  section,  ,  Is  obtained  by  siumnlng  the  concrete  compressive 
force  In  all  layers. 
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where,  is  area  of  the  concrete  layer  1.  Also,  the  compression 
force  In  the  longitudinal  compression  steel  C, ,  Is  computed  as 
follows : 
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where,  Is  the  area  of  the  compression  steel  bar  and  N2  Is  the 

number  of  compression  steel  bars.  Similarly,  the  net  tensile  force  ,T, 


Confined  Concrete 
i/A  Unconfined  Concrete 


1 -Compressive  reinforcement 
E-Tensile  reinforcement 
3*Hoop 

Figure  4,.  Reinforced  Concrete  Beam  Cross  Section  and 
Division  of  Concrete  Area  in  Compression 
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acting  on  the  cross  section  can  be  given  by  the  following  equation: 

N3 

T  -  I  £.,  A.^  (16) 

k-1 


where,  is  the  area  of  the  tension  steel  bar  and  N3  is  the 
number  of  the  steel  bars  in  tension.  For  equilibrium  of  internal 
forces,  it  is  required  that  the  sum  of  all  the  compressive  forces  in 
concrete,  ,  and  in  the  compression  reinforcement,  ,  be  equal  to 
the  sum  of  the  force  T  in  the  tensile  reinforcement. 


T  -  +  C,  (17) 

Equation  (17)  is  the  force  equilibrium  expression  of  the  cross 
section  at  any  give  load  level.  If  Equation  (17)  is  not  satisfied  for 
the  assumed  neutral  axis  location,  an  iterative  procedure  would  begin 
for  a  new  location  of  the  neutral  axis  (for  the  same  strain  in  the 
tensile  reinforcement)  until  equilibrium  is  obtained  to  within  a  small 
tolerance.  The  moment  and  the  curvature  are  subsequently  computed  for 
the  cross  section  that  is  in  statical  equilibrium. 

The  moment  of  all  forces  can  be  taken  about  any  arbitrary  axis. 

In  this  study,  the  moment  is  arbitrarily  taken  about  the  plastic 
centroid  of  the  section.  The  plastic  centroid  is  defined  as  the 
centroid  of  resistance  when  the  entire  cross  section  of  the  beam  is 
compressed,  steel  to  the  yield  stress,  and  concrete  to  the  stress 
0.85f'g.  For  a  symmetric  cross  section,  this  point  is  the  same  as  the 
geometric  centroid  of  the  section.  Referring  to  Figure  5,  the 
resisting  moment  of  the  section  may  be  given  by  the  following 
expression: 


M  -  C^(d  -  d"-  dj  +  C,(d  •  d"-  d')  +  T(d")  (18) 

where , 

d  -  distance  from  the  extreme  compression  fiber  to  the  centroid 
of  the  tension  bars, 

d*  -  distance  from  the  extreme  compression  fiber  to  the  centroid 
of  the  compression  bars, 

d^  ••  distance  from  the  extreme  compression  fiber  to  the  centroid 
of  the  compression  block, 

d”  -  distance  from  the  centroid  of  the  tension  bars  to  the 
plastic  centroid  of  the  section 

The  lines  of  action  of  forces  T,  C, ,  and  C^.  are  at  distances  d,  d' , 
and  dj,  from  the  extreme  compression  fiber,  respectively. 
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Figure  5.  Strain  Distribution  and  Forces  in  the  Cross 
Section 


The  curvature  of  the  cross  section  may  be  give  as  follows: 


9  -  - 

d-kd 


(19) 


where,  e,  is  the  strain  In  the  tensile  reinforcement  and  kd  Is  the 
depth  of  the  neutral  axis  from  the  extreme  fiber  In  compression,  both 
corresponding  to  the  same  load  level. 

The  entire  procedure  Is  repeated  for  other  values  of  tensile 
strain  <l.e,  different  load  levels)  until  the  failure  of  the  cross 
section  Is  reached.  This  will  result  In  a  series  of  moment  and 
curvature  values  which  eventually  form  the  moment -curvature  diagram. 

1.  Failure  Modes  at  the  Ultimate 

The  computation  of  a  complete  moment -curvature  diagram 
requires  a  clear  definition  of  failure  In  the  beam.  In  this  study  the 
words  failure  and  ultimate  are  used  synonymously  and  they  refer  to  the 
final  collapse  loading  stage.  In  general,  three  different  modes  of 
failure  are  possible  In  reinforced  concrete  beams:  (a)  flexural  failure 
due  to  the  fracture  of  the  longitudinal  tensile  reinforcement,  (b) 
flexural  failure  due  to  concrete  crushing  In  the  compression  zone  of 
the  cross  section,  and(c)  shear  failure. 

The  following  discussion  describes  various  possible  flexural 
modes  of  failure  In  reinforced  concrete  beams.  Shear  failures  are 
discussed  later  In  this  section. 

The  mode  of  failure  and  the  extent  of  ductility  of  the  beam  at 
the  ultimate  curvature  depend  mostly  on  the  percentage  of  the 
longitudinal  reinforcement,  p.  If  p  is  less  than  the  balanced  amount 
of  tensile  reinforcement,  p^^,  then  the  cross  section  Is  under- 
reinforced.  Otherwise  If  p  is  more  than  pj^,  the  beam  is  over¬ 
reinforced.  A  distinction  between  over -reinforced  and  under -reinforced 
beams  would  further  require  a  definition  of  the  balanced  amount  of 
reinforcement  ratio  within  the  flexural  model.  The  balanced 
reinforcement  ratio  Pj,,  can  be  easily  computed,  p^  can  be  defined  as 
the  amount  of  longitudinal  tensile  reinforcement  necessary  for 
obtaining  equilibrium,  l.e.  satisfying  Equation  (17),  such  that  the 
strain  of  the  tensile  steel  is  at  yield,  while  the  concrete  strain  at 
the  extreme  compression  fiber  is  at  0.004.  It  is  also  noted  that  the 
strain  of  0.004  Is  the  ultimate  strain  for  unconflned  concrete 
described  in  Section  II-B-2  and  Illustrated  in  Figure  2. 

In  xmder-relnforced  beams,  where  the  ratio  of  the  percentage  of 
the  longitudinal  tensile  reinforcement  to  the  percentage  of  the 
longitudinal  compression  reinforcement  (p/p')  is  less  than  one,  the 
fracture  of  the  tensile  reinforcement  is  usually  the  predominant  mode 
of  failure  at  collapse  (Reference  1).  Conversely,  if  this  ratio  is 
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more  than  unity,  concrete  failure  Is  expected  to  occur  in  the 
compression  zone.  Of  course,  the  extent  of  the  ductility  would  depend 
on  the  amount  of  confining  reinforcement  and  on  the  ratio  of  the 
compression  reinforcement  present  in  the  beam.  Proper  confinement  of 
concrete  increases  its  strength  and  the  ductility  and  may  change  the 
flexural  mode  of  failure  from  compression  to  tension. 

A  compression  flexural  failure  in  under-reinforced  beams  is 
either  due  to  the  buckling  of  the  compression  bars  or  excessive 
decrease  in  the  compressive  capacity  of  concrete.  Experimental  results 
(References  1  and  17)  have  indicated  that  in  most  cases  the  buckling 
of  the  compression  bars  and  the  loss  of  strength  in  concrete  both 
contributed  to  the  ultimate  failure  of  the  specimen.  It-  is  also  noted 
in  Reference  17  that  the  type  of  the  flexural  compression  failure 
depends  heavily  on  the  percentage  of  the  compression  reinforcement, 
because  specimens  with  small  amounts  of  compression  steel  had  concrete 
compression  failure  and  conversely,  beams  with  larger  amounts  of 
compression  reinforcement  failed  by  buckling  of  the  bars .  The  results 
of  experiments  reported  in  References  1  and  17  Indicated  that  buckling 
of  the  compression  reinforcement  between  two  adjacent  ties  occurred  in 
all  beams  that  exhibited  compression  type  failure.  It  was  also  noted 
that  the  bars  always  buckled  outward  on  a  horizontal  plane,  since  they 
were  restrained  laterally  by  the  surrounding  confined  concrete  and  the 
curvature  of  the  beam  prevented  the  upward  buckling  of  the  bars . 

Yamashiro  and  Seiss  (Reference  17}  proposed  a  formulation  which 
included  the  effect  of  buckling  of  the  compression  bars  in  predicting 
the  ultimate  point  on  the  moment -curvature  diagram.  In  their  study, 
they  assumed  that  the  ultimate  point  on  the  moment -curvature  diagram 
was  the  point  of  absolute  maximum  moment  or  the  point  corresponding  to 
the  buckling  load  of  the  compression  bars,  whichever  occurred  first. 
Moreover,  it  was  assumed  that  stirrups  provided  perfect  restraint 
against  rotation  and  displacement,  and  no  lateral  restraint  was 
provided  by  the  surrounding  concrete.  With  these  assumptions,  the 
idealized  buckling  stress  was  proposed  according  to  the  following 
expression: 
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where,  is  the  tangent  modulus  and  D'  is  the  diameter  of  the 
compression  bar.  Equation  (20)  Implies  that  the  buckling  of  the  bars 
could  occur  only  after  the  compression  reinforcement  has  entered  into 
the  strain  hardening  region^  Although  the  criteria  selected  in 
Reference  17  for  ultimate  condition  provided  adequate  computational 
results,  the  collapsed  members  did  not  seem  to  follow  the  assumed 
behavior.  For  example,  some  beams  continued  to  deflect  under 
increasing  load  after  the  buckling  of  the  compression  reinforcement. 
Moreover,  in  case  if  buckling  occurred  after  reaching  the  point  of  the 
absolute  maximum  moment,  that  point  did  not  seem  to  be  the  failure  of 
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the  beam,  since  more  deformation  was  observed  with  increasing  loss  of 
strength  due  to  the  excessive  concrete  distress  in  the  compression 
zone . 


Although  predicting  the  flexural  mode  of  failure  at  the  ultimate 
curvature  was  of  major  concern  in  a  number  of  experimental 
investigations  (see  References  1,11,13,17,18,19,20,  and  21),  no 
analytical  or  empirical  method  was  available  to  relate  the  flexural 
failure  to  geometrical  and/or  material  properties  of  the  member.  From 
information  available  in  the  existing  literature,  an  attempt  has  been 
made  here  to  establish  analytical/empirical  failure  criteria  for 
reinforced  concrete  beams  and  beam- columns  that  will  include  rational 
relationships  for  the  ultimate  strain  in  the  materials  as  a  function 
of  the  element  material  and  geometric  properties.  The  validity  of  the 
proposed  formulation  will  be  llluistrated  later  in  Section  IV,  when  the 
analytic  results  for  a  number  of  cases  are  compared  with  the  measured 
experimental  values. 

2.  Proposed  Failure  Criteria  for  Flexural  Failure 

The  present  study  Ignores  the  possibility  of  failure  in  a 
beam  caused  by  buckling  of  the  compression  reinforcement.  Instead,  the 
flexural  failure  for  ductile  members  at  the  ultimate  cuirvature  is 
based  on  the  ultimate  strain  in  the  tensile  reinforcement  or  the 
ultimate  strain  of  the  confined  concrete,  whichever  occurs  first.  The 
ultimate  strain  of  the  longitudinal  tensile  reinforcement,  is  the 

last  point  on  the  stress -strain  curve  of  steel  as  discussed  in  Section 
II-B-1.  If  this  strain  is  reached  in  the  tensile  reinforcement  before 
a  concrete  failure  in  the  compression  zone  occurs,  the  beam  will  be 
assumed  to  have  failed  in  tension.  Otherwise,  if  the  concrete  failure 
in  the  compression  zone  precedes  the  fracture  of  the  tensile 
reinforcement,  then  a  compression  failure  is  assumed. 

A  failure  in  the  confined  compression  zone  depends  on  two 
important  factors; 

1.  The  ultimate  strain  of  confined  concrete  in  compression, 

2.  The  location  on  the  confined  compression  zone  at  which  the 
ultimate  strain  of  the  confined  concrete  must  be  reached  in 
order  to  trigger  a  concrete  compression  failure. 

The  following  discussion  is  aimed  at  illustrating  the  simulation 
for  a  concrete  compression  failure  in  ductile  members  within  the 
flexural  model. 

The  ultimate  strain  of  confined  concrete  was  studied 
experimentally  by  a  number  of  Investigators  (References  5,11,13,  and 
21) .  The  results  of  these  Investigations  indicate  that  the  ultimate 
strain  of  concrete  confined  by  rectangular  hoops  depends  mostly  on  the 
amount  and  properties  of  the  confining  reinforcement.  Based  on  a 
series  of  tests  on  short  specimen  of  confined  concrete  subjected  to 
axial  forces,  Chan  (Reference  11)  suggested  the  following  expression 
for  the  ultimate  strain  of  concrete  confined  by  rectangular  ties: 
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where,  p*  ^  is  the  ratio  of  the  volume  of  the  lateral  reinforcement  to 
the  volume  of  the  confined  concrete,  is  the  ultimate  strain  of 
confined  concrete  and  is  the  ultimate  strain  of  unconfined 
concrete  taken  as  0.004  in  this  study  (see  Section  II-B-2). 

Other  investigators  (References  11,12,  and  21)  proposed  empirical 
expressions  for  the  strain  of  confined  concrete  at  the  ultimate 
curvature.  Extensive  experimental  studies  by  Corely  (Reference  13)  on 
inelastic  behavior  of  reinforced  concrete  beams  under  concentrated 
loads  provided  the  following  expression  as  a  lower-bound  ultimate 
strain  for  concrete  confined  by  rectangular  ties: 


-  0.003  +  0.02(bA,)  +  (/>e  f%/20)*  (22) 


where , 

•  distance  on  the  span  of  the  beam  from  the  section  of  maxlmtjm 
moment  to  the  section  of  zero  moment, 
b  "  width  of  the  cross  section 
f"y  »  yield  stress  of  web  reinforcement  (psi) , 

p^  -  the  ratio  of  the  volttme  of  the  confining  steel  (one  stirrup 

plus  compression  reinforcement)  to  the  volume  of  the  confined 
core. 

In  discussing  Corley's  paper.  Mattock  (Reference  21)  recommended 
the  following  simpler  relationship,  which  is  iauependent  of  the  yield 
strength  of  web  reinforcement,  in  lieu  of  the  last  expression: 


£®u  “  0-003  +  0.02(bA,)  +  0.20  p^ 


(23) 


where,  all  variables  are  the  same  as  defined  above.  Equations  (22)  and 
(23)  (for  f'y  »  50  ksi)  are  shown  graphically  in  Figure  6.  These 
expressions  represent  a  family  of  curves  defining  a  lower  bound  for 
the  ultimate  strain  of  confined  concrete  for  the  nximber  of  beams  that 
tested  in  Reference  13.  These  expressions  will  reduce  to  0.003  if  the 
moment  is  constant  along  L^,  and  if  the  effect  of  lateral 
reinforcement  is  neglected.  Also,  for  a  beam  subjected  to  a  single 
concentrated  load  at  its  midspan,  L,  would  be  the  same  as  the  shear 
span  of  the  beam. 

After  the  results  of  these  equations  were  compared  to  the 
experimental  data  as  reported  in  (References  1  and  17),  the  simpler 
model  proposed  by  Mattock  and  give  by  Equation  (23)  was  chosen  as  the 
basic  method  for  determination  of  the  ultimate  strain  of  confined 
concrete  with  the  following  modifications: 
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1.  The  ultimate  strain  of  unconfined  concrete  is  taken  as  0.004 
instead  of  0.003.  This  adjustment  is  primarily  for  the  sake 
of  consistency  with  the  unconfined  concrete  material  .model 
that  was  previously  discusses  in  Section  II-B-2. 

2.  Equation  (23)  is  only  a  lower-bound  to  the  ultimate  strain 
of  confined  concrete.  In  order  to  obtain  more  realistic 
values,  the  coefficient  0.2  is  replaced  by  0.27  (p/p*).  This 
modification  will  compensate  for  the  fact  that  for  smaller 
amounts  of  compression  reinforcement  (relative  to  the  amount 
of  tensile  reinforcement) ,  the  neutral  axis  at  the  ultimate 
curvature  is  at  a  lower  depth,  providing  a  larger  confined 
compression  zone  of  concrete  which  is  in  equilibrium  with 
the  tension  force  in  the  longitudinal  tensile  reinforcement, 
thus  allowing  the  confined  concrete  to  withstand  higher 
strains  at  the  ultimate  condition. 

The  proposed  modified  equation  for  the  ultimate  strain  of 
confined  concrete  is  the  following: 


-  0.004  +  0.02(bA.)  +  0.27  p^  (p/p')  (24) 

The  parametric  range  of  this  equation  for  the  ratio  of  p/p'  is 


1.0  <  p/p'  5  1.79  ;  p'  not  equal  to  0. 


Equation  (24)  is  plotted  as  well  in  Figure  6  along  with  Equations 
(22)  and  (23).  It  can  be  seen  that  for  equal  percentages  of  tensile 
and  compression  reinforcement,  the  proposed  equation  predicts  values 
that  are  close  to  expressions  in  References  13  and  21. 

As  mentioned  earlier,  the  complete  formulation  of  a  compression 
failure  criteria  would  require  one  to  define  the  level  on  the  confined 
concrete  zone  for  which  the  strain  at  each  load  step  is  compared  with 
the  ultimate  strain  of  confined  concrete.  If  the  strain  of  concrete  at 
that  level  exceeds  the  ultimate  strain  as  obtained  from  Equation  (24) 
before  the  tensile  reinforcement  reaches  its  fracture  strain,  the  mode 
of  failure  is  by  compression.  For  beams  without  the  influence  of  axial 
compressive  force,  this  level  is  chosen  as  follows: 

1.  If  p/p'-  1  ,  the  above  check  is  made  at  the  midheight  of 
the  confined  compression  concrete  zone, 

2.  If  1.  ^  p/p'  ^  1.79  ,  _then  the  check  will  be  made  at  some 
point  between  the  midheight  of  the  confined  compression 
zone  and  the  neutral  axis,  linearly  proportional  to  the 
ratio  p/p' . 

The  distance  between  the  neutral  axis  and  the  axis  at  which  the 
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strain  Is  compared  against  the  ultimate  strain  Is  denoted  by  d^ ,  and 
can  be  expressed  as  following: 


kd-  TC  -  0.5  D"  p 

-  ( - )( - )  (25) 

2  P' 


where, 

kd  -  the  depth  of  the  neutral  axis  from  the  extreme  compression 
fiber, 

TC  thickness  of  the  top  cover, 

D"  -  diameter  of  the  transverse  reinforcement. 

According  to  the  above  formulation,  a  failure  In  the  compression 
zone  depends  on  the  ultimate  strain  of  concrete  and  the  equlllbrliun  of 
forces  acting  on  the  cross  section,  as  reflected  by  the  depth  of  the 
neutral  axis  In  Equation  (25) .  The  parametric  range  for  Equation  (25) 
Is  the  same  as  for  Equation  (24) . 

The  preceding  model  was  developed  specifically  for  reinforced 
concrete  members  capable  of  behaving  In  a  ductile  fashion.  In  heavily 
reinforced  concrete  members  In  which  the  tensile  steel  content  Is  near 
(or  more  than)  the  balanced  amount,  failure  would  be  brittle  unless 
the  concrete  Is  well  confined  by  transverse  reinforcement.  A  brittle 
failure  occurs  because  a  high  tensile  force  T  would  require  a  lower 
depth  of  neutral  axis  and  consequently,  the  concrete  would  be  crushed 
(If  It  Is  not  heavily  confined)  before  the  yielding  of  the 
reinforcement.  This  situation  Is  characterized  by  an  Immediate  loss  of 
strength  upon  reaching  the  peak  flexural  moment  before  the  yielding  of 
the  tensile  steel.  In  the  present  analysis,  whenever  the  flexural 
moment  capacity  was  reduced  significantly  (due  to  a  large  amount  of 
tensile  reinforcement  or  the  presence  of  a  high  axial  compressive 
force) ,  the  peak  moment  was  taken  as  the  ultimate  flexural  resistance 
on  the  moment 'Curvature  diagram  and  a  brittle  compression  failure 
would  be  assumed.  On  the  other  hand.  If  the  flexural  moment  was  slowly 
and  consistently  Increasing  to  a  peak  along  with  yielding  of  the 
tensile  reinforcement,  a  ductile  compression  or  tension  failure  would 
be  assumed  to  occur  as  discussed  earlier  In  this  section. 

D.  INFLUENCE  OF  SHEAR  ON  THE  FLEXURAL  BEHAVIOR  OF  BEAMS 

The  Influence  of  shear  on  the  performance  of  reinforced  concrete 
beams  has  been  studied  theoretically  and  experimentally  In  the  last  30 
years.  Generally,  It  Is  well  understood  that  the  so  called  "shear 
failure"  In  reinforced  concrete  beams  Is  a  result  of  bending,  shear, 
and  sometimes  axial  force  acting  simultaneously.  A  failure  of  this 
kind  Is  usually  brittle  and  It  occurs  before  the  structure  reaches  Its 
ultimate  flexural  capacity. 

To  understand  the  problems  associated  with  shear  In  reinforced 
concrete  beams,  the  Influence  of  shear  must  be  first  examined  In  beams 
without  web  reinforcement,  then  In  beams  with  shear  reinforcement.  The 
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shear  strength  of  reinforced  concrete  beans  has  been  Investigated  by 
elastic,  plastic  and  empirical  models  In  the  literature.  In  this 
section,  the  nature  and  mechanism  of  various  types  of  shear  failures 
in  reinforced  concrete  beams  are  examined  separately  for  beams  with  or 
without  transverse  reinforcement.  In  addition,  two  theoretical  models 
proposed  In  the  literature  are  discussed  for  providing  a  rational 
analytic  background  for  the  modified  shear  model  that  is  proposed 
later  In  this  section. 

1.  Shear  Failure  In  Beams  without  Web  Reinforcement 

The  cracking  pattern  In  a  typical  simply  supported  reinforced 
concrete  beam  Is  shown  In  Figure  7.  Potential  flexural  cracks  are 
Initially  formed  vertically  at  locations  of  high  bending  moment.  A 
combined  state  of  stress  due  to  shear  and  flexural  stresses  will  cause 
the  formation  of  secondary  or  flexure -shear  cracks  near  the  Interior 
extremity  of  one  of  the  Initial  cracks  (Figure  8) .  From  elementary 
mechanics  of  materials,  the  maximum  principal  tensile  stress,  f^,  at 
any  point  below  the  neutral  axis  of  the  beam  Is  obtained  from  the 
following  expression: 


f 


t (max ) 


0.5f^  +  J  (O.Sf^)^  +  V* 


(26) 


where,  v  and  f^  are  shear  stress  and  flexural  stress  at  that  point, 
respectively.  The  direction  of  the  principal  tensile  stress  is  given 
by  the  following  expression: 


Tan  20  -  V  /  (0.5f^) 


(27) 


where,  0  Is  the  angle  between  the  maximum  principal  stress  and  the 
longitudinal  axis  of  the  beam,  measured  In  a  counter  clockwise 
direction.  If  the  shear  stress  Is  small,  the  principal  tensile  stress 
is  nearly  equal  to  the  longitudinal  tensile  stress,  and  Its  direction 
is  nearly  parallel  to  the  longitudinal  axis  of  the  beam.  On  the  other 
hand,  if  the  longitudinal  tensile  stress  Is  small,  the  magnitude  of 
the  principal  tensile  stress  is  nearly  equal  to  the  shear  stress  and 
it  makes  an  angle  of  45  degrees  with  the  longitudinal  axis  of  the 
beam. 


Since  concrete  Is  weak  in  tension,  the  principal  tensile  stresses 
are  the  major  reason  for  the  formation  of  the  initial  cracks  in 
reinforced  concrete  beams  as  shown  in  Figure  8.  With  Increasing  load, 
inclined  flexure-shear  cracks  will  subsequently  develop  as  an 
extension  of  the  Initial  flexural  cracks  (Reference  22).  As  shown 
later  in  this  section,  some  beams  fail  immediately  after  the  formation 
of  the  inclined  cracks,  while  others  may  resist  higher  loads,  even 
after  the  appearance  of  the  inclined  cracks. 
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Figure  7.  Cracking  Pattern  In  a  Simple  Beam. 
(Reference  79) 
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'  Initiating  crack 
Secondary  crack 
Flexure-jhear  crack 


Figure  8.  Typical  Flexure-Shear  Cracks 
(Reference  79) 
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Upon  the  formation  of  the  Inclined  cracks,  the  shear  force  in  the 
beam  is  resisted  by  the  following  internal  forces  (Figure  9) : 

1.  Dowel  forces  in  the  flexural  reinforcement; 

2.  The  vertical  component  of  the  aggregate  interlocking  shear 
force  along  the  diagonal  crack; 

3.  Shear  across  the  uncracked  concrete  in  the  compression  zone; 

Vc 

Thus , 


V  -  +  V.  +  (28) 

where,  V  is  the  applied  shear  force  at  the  cracked  section.  It  has 
been  reported  (Reference  22)  that  approximately  15-25  percent  of  the 
shear  force  is  carried  by  dowel  resistance,  20-40  percent  by  the 
concrete  in  compression  zone  and  30-50  percent  by  the  aggregate 
interlocking  shear  resistance. 

These  forces  contribute  to  two  principal  mechanisms  of  shear 
resistance,  namely,  the  "beam  action”  and  the  "arch  action” 
mechanisms.  From  basic  principles  of  beam  theory,  shear  force  is 
related  to  bending  moment  by  the  following  expression: 


V  -  dM/dx  (29) 


where,  M  is  the  resisting  moment  of  beam  which  can  be  expressed  by  the 
following  relationship  (Figure  9-b): 


M  -  (jd)(T  +  Vj  Cot  o)  (30) 

T  is  the  tensile  force  in  the  longitudinal  reinforcement,  and  Jd  is 
the  vertical  distance  between  T  and  C  in  Figure  9-b. 

Assximlng  that  the  dowel  resistance  force  is  ignored,  the  above 
expression  reduces  to  the  following: 

M  -  T(jd)  (31) 


Substituting  Equation  (31)  into  Equation  (29) , 

V  -  (d/dx)(T  jd)  -  (dT/dx)(jd)  +  T(d/dx)(jd)  (32) 

If  the  internal  lever  arm  does  not  change  along  the  length  of  the 
beam,  the  beam  action  mechanism  of  shear  resistance  can  be  expressed 
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as: 


V  -  (dT/dx)  (jd) 


(33) 


The  rate  of  change  in  tensile  force  with  distance  Is  called  the  shear 
flow  which  is  in  turn  the  bond  force  between  the  reinforcement  and  the 
surrounding  concrete.  If  the  bond  force  between  steel  and  concrete  is 
destroyed,  then  the  tensile  force  does  not  change  any  more  and  the 
beam  mechanism  is  no  longer  valid.  In  that  case,  the  Inclined 
compression  or  arch  action  will  resist  the  applied  shear  as  follows: 


V  -  T  (d/dx)  jd 


(34) 


Ignoring  the  aggregate  interlocking  resistance,  from  Figure  9-a, 


T  -  C 


(35) 


where,  C  is  the  net  compressive  force  acting  on  the  uncracked 
concrete.  Substituting  for  T  in  Equation  (34), 


V  -  C  (d/dx)  jd 


(36) 


Thus,  the  external  load  is  balanced  by  arch  action. 

In  general,  a  perfect  bond  between  steel  and  concrete  is  uncommon 
and  the  necessary  bond  force  for  the  beam  mechanism  can  not  fully 
develop.  Therefore,  both  mechanisms  contribute  to  shear  resistance  at 
the  same  time  and  the  extent  of  their  individual  contribution  depends 
on  the  internal  deformation  pattern  at  various  stages  of  loading  as 
extensively  discussed  in  Reference  2. 

The  development  and  growth  of  the  inclined  cracks  in  a  reinforced 
concrete  beam  depends  on  the  relative  magnitude  of  the  shear  and 
flexural  stresses.  For  all  practical  purposes  (see  Reference  22), 
these  stresses  may  be  represented  by  the  following  expressions: 


V  -  Cj  (V/bd)  (37-a) 

f^  -  Cj  (M/bd^)  (37-b) 


where,  d  is  the  effective  depth  of  the  beam,  b  is  the  width  of  the 
web,  and  Cj  and  Cj  are  arbitrary  coefficients  which  depend  on  the 


30 


amount  of  reinforcement,  type  of  steel,  type  of  loading  and  bond  force 
between  steel  and  concrete.  Dividing  the  second  of  Equations  (37)  by 
the  first. 


-  C3  (M/Vd) 


(38) 


where  C3  Is  the  ratio  of  to  C^.  For  a  beam  subject  to  a 
concentrated  load  at  Its  midspan.the  M/V  ratio  is  the  so  called 
shear  span,  a.  Thus, 

f^/v  -  C3  (a/d)  (39) 


It  can  be  seen  that  the  variation  In  Inclined  cracking  capacity  of  the 
beam  Is  a  fxuictlon  of  a/d,  namely  the  shear  span  to  the  effective 
depth  ratio. 

Experimental  results  (References  23  and  24)  Indicate  that  when 
all  other  parameters  are  kept  constant,  the  strength  of  rectangular 
simply  supported  reinforced  concrete  beams  depends  on  the  shear  span 
to  the  effective  depth  ratio.  In  general,  two  different  categories  of 
failure  may  be  established: 

1.  Slender  Beams:  (2.5  <  a/d  <  7).  Initial  flexural  cracks  are 
followed  by  flexure-shear  cracks  which  extend  diagonally 
towards  the  point  of  load  application.  The  beam  will  fall 
shortly  after  the  formation  of  the  diagonal  crack  and  the 
subsequent  arch  mechanism  cannot  sustain  any  additional  load. 
Such  a  crack  causes  a  failure  In  the  beam  before  its  full 
flexural  capacity  is  developed.  This  type  of  failure  is  known 
as  a  "diagonal  tension  failure. *' 

2.  Deep  Beams:  (1.0  <  a/d  <  2.5).  Failure  Is  either  due  to  the 
propagation  of  the  secondary  crack  along  the  longitudinal 
reinforcement  which  In  turn  results  In  a  loss  of  bond  between 
steel  and  concrete,  or  due  to  an  extension  of  the  Inclined 
crack  to  the  top  of  the  beam  which  results  In  crushing  of 
concrete  above  the  upper  end  of  the  Inclined  crack.  In  fact, 
this  Is  an  arch  action  failure  in  which  the  propagation  of  the 
crack  reduces  the  size  of  the  compression  zone,  causing  the 
compressive  stresses  to  exceed  the  compressive  strength  of 
concrete.  This  type  of  failure  is  known  as  "  shear  compression 
failure i"  Moreover,  in  very  deep  beams  in  which  the  a/d  ratio 
is  close  to  one,  the  failure  may  also  be  due  to  the  following 
reasons : 

a.  Anchorage  failure  of  tensile  reinforcement. 

b.  Crushing  of  concrete  near  the  reaction  point. 

c.  Flexural  failure  either  by  crushing  of  the  concrete  above 
the  tip  of  the  Inclined  crack  or  by  yielding  of  the 
tensile  reinforcement. 
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d.  Tension  failure  of  the  arch  rib  accompanied  by  cmshlng 
along  the  crack. 

The  ACI  318-1983  Code  (Reference  7)  provides  the  following 
relationship  for  evaluating  the  shear  strength  of  reinforced  concrete 
beams  without  web  reinforcement. 


V.  -  -1  -  1.9  +  2500  p  —  <  3,5 

bd 

(40) 

All  parameters  are  In  pound  and  Inch  units,  and 
p  -  A,/bd 
V„d/  S  1.0 


where , 


shear  stress  of  concrete,  (psl) 
area  of  tensile  reinforcement,  (inches*) 
width  of  beam,  (Inches) 
effective  depth  of  beam,  (Inches) 
ultimate  shear  force,  (pounds) 
ultimate  moment  at  the  section,  (pound- Inches) 
compressive  strength  of  concrete  (psl) 


Equation  (40)  provides  reasonable  and  acceptable  predictions,  as 
discussed  in  References  22,23,25,  and  26  for  the  flexure-shear 
cracking  load,  particularly  for  beams  with  shear  span-to-depth  ratios 
In  the  range  of  2.5  to  7. 


According  to  the  ACI -1983  Code,  the  following  more  conservative 
and  simpler  equation  can  be  used  Instead  of  the  previous  equation; 


V 


C 


2  yr; 


(41) 


Figure  10  shows  a  comparison  between  Equation  (40)  and  Equation  (41) 
with  experimental  results. 

Perhaps  the  best  statistically  accepted  equations  for  predicting 
the  shear  strength  of  reinforced  concrete  beams  has  been  proposed  by 
Zsutty  (Reference  27)  as  follows; 


V.  -  59  (f'^  p  d/a) 


(42) 


Other  Investigators  (Reference  28)  have  developed  similar  expressions 
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Figure  10.  Comparison  of  Equations  (40)  and  (41)  with 
Experimental  Data.  (Reference  2) 
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-  12.5  (100  P  a/d 


(43) 


All  these  staclscical  studies  indicate  that  unless  shear 
reinforcement  is  provided,  collapse  occurs  immediately  after  the 
formation  of  the  diagonal  crack.  Moreover,  the  most  significant 
variables  that  affect  the  shear  strength  of  reinforced  concrete  beams 
are  the  longitudinal  reinforcement  ratio,  the  tensile  strength  of 
concrete,  and  the  shear  span-to-effective  depth  ratio  of  the  beam. 

Experimental  test  results  obtained  by  Kani  (Reference  23)  and 
other  investigators  (Reference  24)  indicate  that  the  flexural  capacity 
of  reinforced  concrete  beams  with  shear  span-to-effective  depth  ratios 
between  one  and  seven  cannot  fully  develop.  Based  upon  these 
investigations,  it  was  found  that  the  moment  capacity  is  primarily  a 
function  of  two  variables,  namely  the  percentage  of  tensile 
reinforcement  and  the  shear  span-to-effective  depth  ratio.  Kani 
(Reference  23)  showed  that  the  influence  of  the  compressive  strength 
of  concrete  on  the  shear  strength  is  not  significant  and  can  be 
ignored  in  the  shear  failure  analysis. 

Figure  11  summarizes  results  obtained  by  Kani  in  Reference  23.  It 
can  be  seen  that  the  ratio  of  the  ultimate  moment  with  shear  influence 
to  the  ultimate  flexural  moment  without  shear  influence  clearly 
depends  on  two  variables,  namely  the  tensile  longitudinal 
reinforcement  ratio,  p,  and  the  shear  span  to  the  effective  depth 
ratio,  a/d.  Krauthammer  and  Hall  (Reference  3)  studied  these  results 
and  arrived  at  the  following  observations: 

1.  Regardless  of  the  amount  of  tensile  reinforcement,  the  minimiim 
capacity  falls  in  the  range:  2  <  a/d  <  3. 

2.  No  moment  reduction  exists  for  beams  with  a/d  larger  than  seven. 

3.  No  moment  reduction  exists  for  beams  with  a/d  less  than  unity. 

Moreover,  it  was  assumed  in  Reference  3  that  the  minimum  moment 
capacity  line  is  comprised  of  three  linear  segments  parallel  to  the  p 
axis.  The  following  equations  have  been  obtained  from  Reference  3. 
These  equations  were  developed  by  the  numerical  evaluation  of  the 
experimental  results  in  Reference  23  for  describing  the  minimvim  moment 
ratio  as  a  function  of  p. 


0  <  p  <  0.65%  : 


0.65%  <  p  il.88% 


( - ).  -  1.0 


(44-a) 


“u 
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1.0  -  36.6  (p  -  0.0065) 
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Figure  11.  General  Model  for  Shear  Influence  on  Beams 
Without  Web  Reinforcement. 

(Reference  23) 
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1.88%  <  p  S  2.88% 


“u 

( - ).  -  0.6 


. (44-c) 


where,  minimum  ratio  of  moment  capacity  of  the  beam 

with  shear  Influence  to  the  the  maximum  flexural  capacity  of  the  beam 
without  any  shear  Influence.  Using  these  expressions,  it  is  possible 
to  describe  the  maximum  Influence  of  shear  on  the  flexural  moment 
capacity. 

Assuming  a  straight  line  relationship  on  both  sides  of  the 
minimum  moment  capacity  line  (Figure  12) ,  Krauthammer  and  Hall 
(Reference  3)  also  developed  the  following  procedure  for  computing  the 
influence  of  shear  on  moment  capacity  of  reinforced  concrete  beams 
without  web  reinforcement: 

1.  Define  the  a/d  value  of  the  minimum  moment  capacity  as  point  Fj 
(Figure  12). 

2.  Define  the  a/d  values  on  both  sides  of  the  minimum  point  for 
which  the  ratio  of  moment  capacity  to  full  flexural  capacity  Is 
one.  These  are  points  P3  for  slender  beams  and  for  short 
beams  In  Figure  12. 

3.  Since  two  points  are  defined  on  both  sides  of  the  minimum  point, 
a  linear  Interpolation  will  give  the  moment  capacity  for  a 
specific  shear  span  to  the  effective  depth  ratio. 

For  slender  beams. 


“u  Mu 

( - )  -  1.0  +  I(— ), 


M 


£1 


’fl 


1] 


(45-a) 


and  for  deep  beams. 


( - )  -  1.0  +  [( - ). 

Mfi  Mjj 


(45-b) 


where,  (M^/M^^)^  can  be  obtained  from  Equations  (44).  Point  P^  In 
Figure  12” is  the  shear  span  to  the  effective  depth  ratio  corresponding 
to  the  minimum  moment  capacity  line.  Pj  is  the  shear  span  to  the 
effective  depth  ratio  below  which  there  is  no  reduction  in  the  moment 
capacity  (Figure  12)  and  P3  is  the  a/d  beyond  which  there  is  no  loss 
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a/d 


Figure  12.-  The  Present  Flexure-Shear  Model 
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of  flexural  capacity.  The  numerical  values  for  and  P3  were  taken  as 
one  and  seven  (see  Reference  3)  for  all  values  of  the  tensile 
reinforcement  ratio. 


2.  Modifications  for  Evaluating  the  Influence  of  Shear  In  Beams 
without  Veb  Reinforcement 

The  model  and  the  procedure  that  is  used  In  the  present 
Investigation  for  beams  without  transverse  reinforcement  Is  In  essence 
the  same  as  that  proposed  In  Reference  3,  with  the  following 
modifications : 

a.  From  the  numerical  evaluation  of  experimental  results  in 
Reference  23  as  shown  In  Figure  11,  point  P3  may  be  obtained 
from  the  following  proposed  equation: 

p  >  1.88%  :  Pa  -  7.  (46-a) 


0.65%  ^  p  :£  1.88%  :  P3  -  7.  +  365. 9(p  -  0.0188) 

(46-b) 

Thus,  P3  can  be  defined  as  a  function  of  the  amount  of 
tensile  longitudinal  reinforcement.  Pj  and  Pj  have  the  same 
definition  as  before. 

Pi  -  1.  (47) 

P2  -  2.5  (48) 

The  procedure  for  computing  the  Influence  of  shear  In  reducing 
the  moment  capacity  for  slender  and  deep  beams  without 
transverse  reinforcement  Is  the  same  as  that  discussed  In  the 
previous  section. 

b.  For  over- reinforced  sections,  shear  would  not  have  the  same 

Influence  on  reducing  the  moment  capacity.  In  an  over-reinforced 
beam,  the  concrete  compression  zone  is  considerably  larger  at 
the  ultimate  curvature,  causing  a  more  effective  aggregate 
interlocking  mechanism  and  as  a  result,  the  inclined  flexure - 
shear  cracks  do  not  propagate  as  extensively  as  they  would  In  an 
under -reinforced  beam.  This  phenomenon  Is  acco\inted  for  In  the 
present  model  by  Introducing  a  factor  called  ORF  (Over¬ 
reinforcing  Factor)  defined  in  the  following  manner: 


^  Pb  = 

ORF  -  1 

(49) 

>  Pb 

ORF  -  p/p^ 

(50) 

where,  p  is  the  percentage  of  the  tensile  longitudinal 
reinforcement  and  pj^  is  the  balanced  percentage  of  the  tensile 
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reinforcement  defined  earlier  In  Section  II-C,  ORF  Is 
subsequently  applied  to  the  minimum  moment  capacity  ratio  given 
earlier  In  the  last  section  by  Equation  (45)  as  follows: 


Mu  M„ 

(— )_  -  ( - ).  .  ORF  i  1.0 

Mfi 


(51) 


The  expression  on  the  left  hand  side  of  Equation  (51)  Is  the  new 
moment  ratio  for  the  over- reinforced  section.  The  model  proposed 
for  over -reinforced  beams  In  shear  will  be  verified  later  In 
Section  IV  by  comparing  the  experimental  results  with  the 
analytic  values  as  obtained  from  the  present  model. 

3.  Shear  Failure  In  Beams  with  tfeb  Reinforcement 

The  Improvement  In  shear  capacity  of  reinforced  concrete  beams 
due  to  the  presence  of  web  reinforcement  Is  primarily  attributed  to 
the  following  phenomena: 

a.  Supporting  the  longitudinal  bars  and  thus  Increasing  the  dowel 
shear  resistance. 

b.  Enhancing  the  shear  resistance  of  the  aggregate  interlocking 
mechanism  by  reducing  the  width  of  the  diagonal  cracks. 

c.  Enhancing  the  compressive  strength  of  concrete  by  confinement  of 
concrete. 

d.  Suppressing  tensile  stresses  across  the  concrete  cantilever 
blocks . 

e.  Preventing  the  breakdown  of  forces  between  concrete  and  tensile 
reinforcement  near  the  anchorage  zone. 

Perhaps  the  most  accepted  method  for  computing  the  shear  capacity 
of  reinforced  concrete  beams  Is  the  truss  mechanism  analogy.  Referring 
to  Figure  13,  the  truss  analogy  assumes  that  stirrups  act  like  tension 
members  and  the  concrete  compressive  struts  act  like  compression 
members  in  the  web  of  the  analogous  truss.  Also,  the  forces  In  the 
bottom  and  the  top  chords  of  the  truss  are  equivalents  of  the 
resultant  compressive  forces  In  the  compression  zone  and  the  tensile 
force  In  the  longitudinal  steel, respectively.  From  equilibrium  of 
forces  at  Joint  X: 


V,  -  T,  Sin^  (52) 

T,  -  f",  (53) 


where , 

-  external  shear  force  attributed  to  stirrups, 

T^  -  sum  of  all  stirrup  forces  across  the  diagonal  crack. 
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Internal  Forces  in  an  Analogous 
(Reference  2) 


Truss. 


P  •  angle  between  stirrups  and  the  longitudinal  axis  of  the  beam, 
-  area  of  web  reinforcement  (both  legs) , 
f"g  -  stirrup  stress. 

Also,  from  the  geometry  of  the  truss,  spacing  between  the  stirrups,  S, 
can  be  given  as: 


S  -  jd  (cota  +  CotP) 


(54) 


where,  a  is  the  angle  between  the  diagonal  compressive' strut  and  the 
longitudinal  axis  of  the  beam.  From  the  last  two  expressions,  the 
tributary  shear  force  per  spacing  of  the  stirrups  may  be  given  by  the 
following  equation: 


S  (jd)SiiyS(Cota  +  Cot  fi)  S 


(55) 


Therefore,  the  shear  stress  that  must  be  resisted  by  a  single  stirrup 
may  be  expressed  In  the  following  manner: 


V  A  f" 

- - - - — ^  Sin  p  (Cota  +  Cot^)  (56) 

b(jd)  b  S 


Assuming  that  stirrup  stresses  are  beyond  their  respective  yield 
stresses  before  a  shear  failure  occurs,  the  amount  of  web 
reinforcement  necessary  to  resist  the  external  shear  can  be  computed 
from  Equation  (57)  as  following: 


v^  Sb 

- ( - ) 

Sln^  (Cota  +  Cot  f"^ 


(57) 


where,  f"^  is  the  yield  stress  of  the  web  reinforcement. 

According  to  the  ACI-1983  Code  (Reference  7)  the  external  shear 
Is  resisted  by  both  the  concrete  and  the  web  relnfo.'cement.  This 
Implies  that 


- 


+  V. 


(58) 


41 


is  given  by  Equation  (40)  or  (41),  and  is  the  ultimate  shear 
stress.  Furthermore,  the  ACI  code  assumes  that  the  diagonal  craclcs  are 
to  prevail  at  45  degrees  with  respect  to  the  longitudinal  axis  of  the 
beam.  For  vertical  placement  of  stirrups.  Equation  (57)  reduces  to  the 
following  form: 


bS 


(59) 


which  is  the  familiar  expression  used  often  in  the  design  of  web 
reinforcement  for  typical  reinforced  concrete  beams. 

The  results  of  shear  tests  on  reinforced  concrete  beams  as 
reported  by  the  ACI-ASCE  joint  committee  (Reference  22)  have  indicated 
that  the  ACI  procedure  outlined  above  is  conservative.  Moreover,  it  is 
clear  that  the  ACI  design  procedure  does  not  include  the  interaction 
of  bending  in  the  shear  resistance  mechanism.  Experimental 
observations  have  shown  that  unlike  what  is  assigned  in  the  ACI  Design 
Code,  the  slope  of  the  diagonal  cracks  at  ultimate  is  not  necessarily 
45  degrees,  and  several  Investigators  (References  25,29,  and  30)  have 
developed  more  accurate  methods  for  the  design  of  web  reinforcement. 

A  procedure  was  proposed  in  Reference  3  to  account  for  the 
contribution  of  shear  reinforcement  to  the  ultimate  flexural  capacity 
of  slender  and  deep  beams.  In  that  approach  point  P2  in  Figure  12  is 
shifted  upward  to  point  P'j  in  accordance  with  the  following 
formulation: 


Mu  Mu  M„ 

( - ).'  -  ( - ),  +  [1  -  ( - ).]  Cot  0  (60) 

Mfi  Mjj^  Mji 


where,  9  is  the  shear  crack  angle  at  the  failure  defined  by  explicit 
empirical  expressions  available  in  Reference  3  for  slender  and  deep 
beams  as  a  function  of  beam  geometry,  material  properties  and  the 
amount  of  web  reinforcement.  (M^/M^^)^'  is  the  new  position  of  the 
minimum  moment  capacity  due  to  the  influence  of  web  reinforcement  and 
it  replaces  the  value  of  (M^/M^^)^  in  the  right  hand  side  of  Equation 
(45).  Thus,  the  new  moment  capacity  that  includes  the  Influence  of 
shear  reinforcement  for  a  specific  case  can  be  computed  from  Equation 
(45). 


In  the  following  two  sections,  two  analytical  failure  models 
relevant  to  the  ultimate  shear  strength  in  reinforced  concrete  beams 
are  discussed.  The  first  model  (Section  II-D-4)  was  originally 
developed  by  Thurlimann  (References  31  and  32)  and  later  used  to 
verify  test  results  in  Reference  33.  The  second  model  (Section  lI-D-5) 
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was  discussed  in  Reference  34  which  also  agreed  well  with  experimental 
results.  The  primary  purpose  of  discussing  these  models  is  to  create  a 
rational  explanation  for  the  shear  model  that  is  proposed  later  in 
Section  II-D-6. 

4.  The  Truss  Shear-Flexure  Interaction  Model 

A  free  body  diagram  of  the  truss  model  is  shown  in  Figure  14. 
As  described  before,  the  tension  force  in  the  lower  chord  represents 
the  tension  force  in  flexural  reinforcement  and  the  compression  force 
in  the  upper  truss  chord  is  the  net  compressive  force  of  concrete  in 
flexural  compression  with  any  compression  reinforcement.  The  direction 
of  the  maximum  principal  tensile  stress  is  perpendicular  to  the  cracks 
and  the  principal  compression  stresses  act  in  a  direction  parallel  to 
the  diagonal  cracks,  forming  the  compressive  strut  of  the  analogous 
truss.  The  web  reinforcement  represents  the  vertical  tension  ties  of 
the  space  truss. 

This  model  assumes  the  following  (Reference  33) : 

1.  The  longitudinal  reinforcement  must  yield  prior  to  shear 
failure.  Therefore,  only  under -reinforced  beams  may  be  analyzed 
by  this  model. 

2.  The  tensile  strength  of  concrete  is  ignored. 

3.  Dowel  and  aggregate  interlocking  contributions  are  Ignored. 

4.  Diagonal  crushing  of  concrete  does  not  precede  the  yielding  of 
the  web  reinforcement.  Thus,  it  is  not  necessary  to  assume  an 
upper  bound  limit  for  the  concrete  stresses  in  the  compressive 
strut. 

5.  Longitudinal  reinforcement  is  properly  anchored  to  avoid  bond  or 
slip  failure. 

A  moment  balance  about  point  0  in  the  free -body  diagram  of 
segment  AB  of  the  beam  shown  in  Figure  14  gives  the  following 
relationship: 


Jd 

M  -  C(jd)  -  nA^f",  (—  Goto)  (60) 

2 


where , 

n  -  number  of  stirrups  in  the  cracked  segment  AB, 
a  -  angle  of  the  diagonal  compression  strut  at  ultimate, 

A^  -  area  of  two  legs  of  stirrup, 
f"^  -  stress  in  the  web  reinforcement, 

C  -  compressive  force  in  the  upper  chord  of  the  analogous  truss, 
jd  -  distance  between  tensile  and  compressive  chords  of  the  analogous 
tztiss. 

Dividing  both  sides  of  the  last  equation  by  (jd)  and  assxoming 
the  transverse  reinforcement  has  yielded  prior  to  the  failure  of  the 
beam  (i.e.,  f",  -  f"^  ), 
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M  V„ 

C  -  -  +  -  Cota  (61) 

(jd)  2 


where,  is  the  ultimate  shear  at  failure.  Neglecting  the  shear 
capacity  of  concrete,  can  be  given  by  the  following  expression: 


jd 

-  nA^f"y  -  (— )  Cota  A„  f", 
S 


(62) 


where,  S  Is  the  spacing  between  the  vertical  stirrups.  Therefore,  the 
angle  a  at  ultimate  can  be  obtained  from  either  of  the  following  two 
eq\iatlons : 


Avf%(jd) 

Tana  -  - 

s 


or 


Tana 


(63) 


(64) 


where,  v^  Is  the  ultimate  shear  stress  at  failure  and  p"  Is  defined  as 
the  percentage  of  the  web  reinforcement.  They  are  given  by  the 
following  relationships : 


V 


u 


b(jd) 


(65) 


P" 


(66) 


Equation  (64)  shows  that  the  angle  of  the  diagonal  strut  at  ultimate 
shear  stress  Is  function  of  the  yield  strength  and  the  amount  of  the 
web  reinforcement  as  well  as  the  ultimate  shear  stress  In  the  beam. 

Substituting  for  Cota  from  Equation  (64)  Into  Equation  (61), 


45 


M 


(67) 


V  2  s 

U 

c - + - 

jd  2(jd)A,f"y 


If  the  longitudinal  tensile  reinforcement  (lower  chord  of  the 
analogous  truss)  has  also  yielded  prior  to  the  failure  of  the  beam, 
then, 


M  -  -  (T  or  C)(jd)  -  A,fy(jd) 

and, 

A.fr  S 

C  -  —  +  - 

jd  2(jd)A^f" 


(68) 


(69) 


Equation  (69)  represents  the  combined  effect  of  bending  and  shear  at 
failure,  provided  that  both  longitudinal  and  web  reinforcement  have 
yielded  prior  to  failure.  For  the  case  of  pure  bending,  one  can  set 
(V^  -  0)  in  Equation  (69).  This  will  give  the  pure  flexural  capacity 
of  the  beam  as 


V„  -  0  ;  -  Mji  -  T(jd)  -  A,fy(jd) 


(70) 


For  the  case  of  pure  shear  (no  bending) ,  one  can  set  -  0  in 
Equation  (69).  This  will  give  the  maximum  value  of  shear  strength  as 


M..  -  0 


V..  -  V.. 


(71) 


Combining  Equations  (69),  (70),  and  (71)  will  result  in  the  basic 
flexure-shear  Interaction  relationship  as  follows: 


M  V 

u  u  , 

—  +  ( — )2  -  1 


M 


CL 


(72) 


Equation  (72)  is  only  valid  if  both  longitudinal  and  web  reinforcement 
have  yielded  prior  to  failure. 

Unlike  the  traditional  truss  analogy  where  the  angle  of 
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compression  strut  is  always  assumed  to  be  45°,  Thurlimann's  space 
truss  model  is  valid  for  all  inclinations  of  a.  However,  as  the 
following  kinematic  analysis  will  show,  the  requirement  that  both  web 
and  longitudinal  reinforcement  yield  places  certain  limitations  on  the 
magnitude  of  the  angle  a. 

The  angle  of  inclination  of  the  concrete  strut  given  by  Equation 
(64)  is  defined  at  ultimate  (Just  before  failure)  and  not  during  the 
earlier  load  levels.  As  the  loading  increases  from  the  initial 
cracking,  diagonal  cracks  widen  and  the  orientation  of  the  diagonal 
compression  strut  will  change  until  the  cracks  are  so  widely  open  that 
no  further  shear  transfer  by  aggregate  interlocking  can  take  place 
across  the  cracks.  At  this  point  the  redistribution  of -internal 
stresses  as  well  as  any  further  changes  in  the  inclination  of  the 
diagonal  compression  strut  stops,  thus, causing  the  failure  of  the 
beam. 


Thurlimann  and  others  (References  31,32,  and  33)  Introduced 
limitation  on  the  use  of  Equation  (72) .  The  limitations  were  primarily 
based  on  the  magnitude  of  diagonal  tension  crack  width  and  the 
relative  strain  values  in  the  chords  and  stirrups.  From  the  kinematic 
relationship  between  the  strains  in  the  analogous  truss  members  and 
the  width  of  the  crack,  it  is  possible  to  show  that  at  least 
analytically,  the  state  of  strain  in  the  web  of  the  analogous  truss 
and  the  longitudinal  reinforcement  determine  the  crack  width  at 
failure  (Reference  33) .  The  assumptions  for  the  kinematic  strain  model 
are  as  follows  (Reference  33): 

1.  The  beam  is  under -reinforced. 

2.  Concrete  in  the  compression  strut  is  rigid. 

3.  Deformations  are  only  due  to  the  longitudinal  and  web 
reinforcement. 

4.  At  failure,  the  angle  of  the  principal  compressive  stress 
corresponding  to  the  force  in  the  diagonal  compressive  strut 
coincides  with  the  angle  of  inclination  of  the  principal 
compressive  strain. 

Consider  the  state  of  the  strain  in  the  shear  field  element 
(Figure  15).  Figure  15-a  represents  the  shearing  strain  due  to  the 
elongation  of  the  stirrups  and  Figure  15-b  shows  the  state  of  strain 
due  to  the  deformation  of  the  longitudinal  bars.  The  total  shear 
strain  due  to  the  stirrup  strain  and  the  longitudinal  chord  strain  is 


7i  -  7,  +  7",  (73) 

where,  7",  and  are  the  shearing  strains  due  to  the  transverse  and 
longitudinal  reinforcement,  respectively.  From  Figures  15-a  and  15-b; 
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Cj  Cota 

7,  - - c,  Cota 

1  + 


c".  (jd) 

7", - Tana  (75) 

(jd)  Cota 


substituting  the  last  two  relationships  into  Equation  (-73)  , 


7j  —  Cota  +  £"^  Tana 


(76) 


From  Figure  16,  the  relationship  between  the  mean  crack  strain, 

and  the  strain  in  the  longitudinal  and  the  transverse  direction  can  be 

given  as  follows. 


£,  -  £^^  Sin^a  (77.a) 

-  «cr  Cos^a  (77-b) 


where,  the  mean  crack  strain  is  defined  as  the  ratio  of  the  mean  crack 
width  to  the  spacing  between  two  adjacent  cracks.  From  the  last  two 
equations , 


'er  - 


Equation  (77)  can  be  rearranged  in  the  following  form: 


(78) 


1  +  Cot^a 


(79-a) 


1  +  Tan^a 


(79-b) 


Assuming  that  both  the  transverse  reinforcement  and  the  longitudinal 
reinforcement  yield  at  failure.  Equation  (79)  may  be  rewritten  as 
follows . 


£ 


e  r 


£ 


y 


1  +  Cot*a 


(80-a) 
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(a) 


NOTE:  Zz  jj 


Figure  16.  State  of  Strain  in  the  Diagonal  Strut. 
(Reference  33) 


(80-b) 


-  1  +  Tan'a 


Equation  (80)  are  plotted  on  the  sane  graph  in  Figure  17.  If  both  the 
longitudinal  and  the  web  reinforcement  are  at  their  respective  yield 
points,  the  mean  crack  width  has  the  smallest  possible  value.  An  angle 
of  inclination  that  is  less  than  45“  represents  a  failure  in  which  the 
transverse  reinforcement  is  strained  more  than  the  longitudinal 
reinforcement  and  yielding  of  the  chord  reinforcement  could  Increase 
the  width  of  the  diagonal  crack  to  the  point  that  no  additional  shear 
transfer  across  the  previously  formed  cracks  can  take  place. 
Conversely,  an  angle  of  Inclination  greater  than  45“  represents  a 
failure  in  which  the  strain  in  the  transverse  reinforcement  is  less 
than  the  strain  in  the  longitudinal  reinforcement  and  yielding  of  the 
web  reinforcement  Increases  the  crack  width.  Based  on  experimental 
observations,  it  is  suggested  chat  the  analogous  space  truss  shear¬ 
bending  interaction  model  can  predict  satisfactory  results  for  the 
following  range: 


26*  i  a  :S  63* 

0.5  5  Tan  a  S  2.0 


(81-a) 


(81-b) 


These  restrictions  are  introduced  to  account  for  the  fact  that  the 
deformation  of  the  concrete  compression  strut  may  alter  the  validity 
of  Equation  (72).  Moreover,  when  the  angle  a  is  less  chan  26“ , 
diagonal  crushing  of  the  compression  strut  may  occur  prior  to  the 
yielding  of  the  flexural  reinforcement  (Reference  33),  thus,  placing  a 
limitation  on  the  use  of  Equation  (72) . 

The  limiting  values  of  the  angle  of  compression  strut  in  the 
space -truss  model  should  not  be  thought  as  fixed  points  (Reference 
33).  These  limits,  as  for  example  suggested  by  Equations  (81),  only 
represent  the  transition  between  different  mechanisms  of  failure. 
According  to  the  space  truss  model,  if  the  angle  of  the  diagonal 
compression  strut  at  failure  is  less  than  45  degrees,  the  strain  in 
the  web  reinforcement  is  beyond  yield.  Furthermore,  if  this  angle  is 
less  than  26  degrees,  the  longitudinal  reinforcement  has  not  reached 
its  yield  strain  at  the  ultimate.  This  would  be  an  example  of  a  pure 
shear  mechanism  in  which  the  influence  of  shear  is  expected  to  cause  a 
premature  failure  in  the  beam  before  the  ultimate  flexural  capacity  of 
the  beam  is  developed.  For  values  of  the  angle  between  26  and  45 
degrees,  the  strain  in  the  transverse  steel  at  the  ultimate  load  is 
higher  than  the  strain  in  the  longitudinal  reinforcement.  This  is 
flexure -shear  type  failure  in  which  the  moment  capacity  of  the  beam  is 
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0,5  <  tdnC<^ZjO 


Figure  17.  Mean  Ratio  of  Crack  Strain  to  Yield  Strain  vs. 
the  Angle  of  Diagonal  Strut  at  Ultimate. 
(Reference  33) 
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reduced  by  the  shear  Influence.  The  minimum  value  of  the  angle  for 
which  the  full  flexural  capacity  of  the  beam  can  be 'developed  is  45°. 
When  Tana  is  equal  to  unity,  both  the  longitudinal  and  the  transverse 
reinforcement  of  the  shear  field  element  yield.  In  fact,  as  shown  in 
Figure  16,  when  the  angle  a  is  45°,  the  mean  crack  width  has  the 
minimum  possible  value,  thus, resulting  in  highest  shear  strength  at 
the  collapse  mechanism.  For  all  values  of  the  inclination  of  the 
diagonal  compression  strut  greater  than  45°,  the  shear  stress  in  the 
beam  at  ultimate  must  be  less  than  the  shear  capacity  as  provided  by 
the  transverse  reinforcement  in  Equation  (56).  In  that  case,  the  mode 
of  failure  is  by  flexure  and  the  moment  capacity  of  the  beam  remains 
unaffected.  Hence,  the  inclination  of  the  diagonal  compression  strut 
can  be  used  as  a  parameter  to  relate  the  influence  of  shear  to  the 
ultimate  flexural  strength  of  beams  which  fall  into  the  critical  shear 
region,  namely  beams  with  shear-span  to  the  effective  depth  ratio 
between  one  and  seven. 

5.  Diagonal  Tension  at  the  Ultimate  Load  Condition 

The  problem  of  shear  in  reinforced  concrete  beams  has  also 
been  approached  by  the  limit  analysis  technique  as  developed  presented 
by  Nielsen  and  presented  in  Reference  34.  This  was  done  by  considering 
an  admissible  stress  field  in  the  web  of  the  reinforced  concrete  beam. 
From  equilibrium  of  forces  in  Figure  18,  the  compressive  force  in  the 
diagonal  concrete  strut  can  be  given  by  the  following  expression: 


V 

D  -  f^  b  (jd)  Cosa -  (82) 
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where,  f^  is  the  stress  in  the  diagonal  strut  defined  as: 
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(83) 


Moreover,  the  stresses  in  the  x  and  y  directions  for  the  element  that 
is  bound  by  diagonal  cracks  are  as  follows  (Figure  18): 

-  f j  Cos^a  (84-a) 

tXy  -  f^  Sin^a  (84-b) 

The  vertical  component  of  the  stress  field  is  in  equilibrium  with  the 
stirrup  forces  and  therefore. 
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Tensile  stringer  T 


Figure  18.  Idealized  Stress  Field  in  Beams  with  Vertical 
Stirrups.  (Reference  34) 
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Substituting  Equation  (83)  Into  Eqxiatlon  (85)  and  rearranging  the 
terms, 


p-f-y 

Tana  —  - 

V 


(86) 


At  the  point  of  collapse,  shear  is  at  ultimate  (i.e.,  v  —  v^) 


P”f”y 

Tana  -  - 
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U 


(87) 


This  is  the  same  as  Equation  (64)  obtained  previously  from  the  space - 
truss  analogy.  After  some  algebraic  manipulation,  it  is  possible  to 
arrive  at  the  following  relationships: 


P"f"_ 

( - -) 

fj 

Tana  -  [ - (88) 

P”f”y 

1  -  ( - ) 


—  -  [ - -  (1 - ^))"'*  (89) 

fd  fd  fd 


Figure  19  shows  plots  of  the  last  two  equations.  It  can  be  seen  that 
when  (p"f"y)/f^  increases  from  zero  to  0.5,  the  angle  of  compression 
I  strut  increases,  from  zero  to  a  maximum  of  45°.  Also,  when 

(p"f"y)/fd  0.5,  the  shear  strength  is  maximum  and  the  angle  of  the 
diagonal  compression  strut  is  at  45°.  This  reveals  that  for  any  angle 
greater  than  45°,  the  shear  strength  of  the  beam  does  not  Increase 
with  increasing  the  amount  of  the  transverse  reinforcement.  Nielsen 
also  showed  that  for  values  of  (p"f"y)/fj  greater  than  0.5,  the  angle 
a  stays  constant  at  45° . 
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6 .  A  Modified  Method  to  Evaluate  the  Influence  of  Shear  in  Beams 
with  Web  Reinforcement 

The  angle  of  compression  strut  with  the  longitudinal  axis  of 
the  beam  is  a  good  measure  for  the  determination  of  shear  influence  in 
reducing  the  flexural  strength  of  the  beam.  This  concept  was  employed 
here  to  account  for  the  improvement  in  the  moment  capacity  ratio  of 
the  beams,  (M^/M^j^),  due  to  the  presence  of  web  reinforcement.  For 
that  purpose,  the  rational  approach  of  the  truss  mechanism  (Sections 
II-D-3  throu^  Il-D-5)  was  used  in  conjunction  with  results  of  tests 
from  various  sources  in  the  literature.  The  modified  method  has  been 
developed  for  rectangular  deep  beams  (1  <  a/d  <  2.5)  as  well  as 
rectangular  and  T  slender  beams  (2.5  <  a/d  <  7) ,  as  follows. 

a.  Deep  Rectangular  Beams: 

The  model  proposed  here  for  deep  rectangular  beams  is  based  on 
experimental  results  from  a  study  by  Clark  (Reference  35} ,  in  which 
the  beams  were  loaded  by  either  a  single  concentrated  load  at  their 
midspan,  or  by  two  single  concentrated  loads  at  their  quarter  span 
points. 

The  following  variable  defined  the  influence  of  the  material 
property  and  the  amount  of  the  web  reinforcement; 


P* 


(90) 


where  f'^  is  the  compressive  strength  of  concrete  and  p”  is  the  web 
reinforcement  ration,  and  f^"  is  the  yield  stress  of  stirrups.  Table 
A-1  in  Appendix  A  presents  the  data  for  the  27  beams  which  are  used  in 
this  study.  When  the  product  of  the  variables  p*  and  a/d  were  plotted 
against  the  angle  of  the  compression  strut  at  ultimate,  as  computed 
from  Equation  (87)  for  27  beams  (Reference  35),  the  following  linear 
relationship  was  observed,  as  illustrated  in  Figure  20. 


o  -  2.72  p*  (a/d)  +  4.08 


(91) 


It  can  be  seen  that  the  scatter  between  data  for  the  27  points  is 
not  large,  resulting  in  a  statistical  correlation  coefficient  of  0.91. 
Moreover,  Figure  20  shows  that  the  angle  a  Improves  with  increasing 
the  amount  of  web  reinforcement.  Therefore,  the  influence  of  beam 
geometry  and  material  properties  on  the  angle  of  diagonal  compression 
strut  at  failure  can  be  reasonably  predicted.  The  experimental  data 
from  which  the  last  expression  was  obtained  fell  into  the  following 
parametric  ranges  :  3200  ^  f’g  ^  4200  psi,  f"^  -  48  ksi,  1.57  i  a/d  ^ 
2.42,  and  0.0035  ^  p”  S  0,0096. 
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P  (a/d) 


Figure  20.  Inclination  of  the  Concrete  Compression  Struts 
Ultimate  for  Deep  Rectangular  Beams  Based  on 
Experimental  Data  from  Reference  35 


b.  Slender  Rectangular  Beams: 

The  experimental  data  for  the  27  rectangular  under-reinforced 
slender  beams  used  for  the  derivation  of  the  following  formulation 
were  gathered  from  studies  by  Bums  and  Siess  (Reference  1} ,  Bresler 
and  Scordelis  (Reference  36) ,  Places  and  Regan  (Reference  28) ,  and 
Mattock  and  Wang  (Reference  37).  These  beams  were  loaded  by  either  a 
single  concentrated  force  at  their  midspan  or  two  concentrated  loads 
at  quarter  span  points.  In  this  case  it  became  clear  that  the  variable 
p*Ja/A  provided  a  better  correlation  to  the  data  than  />*(a/d)  which 
was  the  the  better  choice  for  deep  beams.  When  the  variable  p*Ja/d  for 
these  beams  was  computed  (Table  A- 2  in  Appendix  A)  and  plotted 
against  the  angle  of  the  diagonal  compression  strut  at  ultimate,  as 
shown  in  Figure  21,  the  following  linear  relationship  was  derived. 


a  -  3.06  ip*  JaJZ  )  +  7.22  (92) 

Again,  the  scatter  between  the  27  points  about  the  best  fitted 
line  was  small,  reflecting  in  a  correlation  coefficient  of 
approximately  0.99,  and  the  properties  of  the  27  beams  used  in  the 
last  expression  fell  into  the  following  parametric  ranges;  1850  ^  f' 

<  6230  psi  (12.7  <  f'^  5  43  MPa),  47.2  ^  f  "  ^  60.2  psi  (325  ^  f  " 

414  Mpa) ,  3  ^  a/d  ^  7,  and  0.004  ^  p”  <  O.OOl. 

c.  Slender  T  Beams: 

Here,  the  data  was  obtained  from  experimental  investigations  by 
Placas  and  Regan  (Reference  28)  and  Mattock  et  al.  (Reference  38)  for 
tests  on  29  under -reinforced  T  beams  loaded  by  a  concentrated  force  at 
midspan.  The  data  for  these  beams  is  documented  in  Table  A- 3  in 
Appendix  A.  For  these  cases,  the  following  relationship  was  derived, 
as  illustrated  in  Figure  22. 


a  -  1.63  ip*  Ja/d  )  +  9.55 


(93) 


The  correlation  coefficient  for  Equation  (93)  is  computed  as  0.98,  and 
the  range  of  beam  parameters  were  as  follows;  1850  <  f'  <  7840  psi 
(12.7  ^  f;  <  54  MPa),  50  ^  f”  <  52  ksi  (344.7  <  f "  ^  358.5  MPa), 

2.5  <  a/d  <  4.5,  and  0.0017  <  p”  <  0.018. 

Unlike  the  traditional  truss  analogy  where  the  angle  of 
compression  strut,  a,  at  ultimate  is  assumed  to  be  at  45°,  Thurlimann 
and  other  investigators  (References  29,31,32,33,  and  34)  developed  and 
verified  analytical  models  that  were  valid  for  a  wide  range  of  a 
values.  In  Sections  II-D-4  and  II-D-5  it  was  shown  that,  at  least 
analytically,  when  the  angle  a  was  at  45°,  shear  would  have  no 
influence  in  reducing  the  moment  capacity  ratio.  However,  if  Tana  was 
less  than  unity,  the  moment  capacity  ratio  would  be  reduced. 

Therefore,  it  is  reasonable  to  expect  that  a  can  be  chosen  as  a 
parameter  that  can  represent  the  interaction  between  the  shear  and 
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Figure  21.  Inclination  of  the  Concrete  Compression  Struts  at 
Ultimate  for  Slender  Rectangular  Beams  (Experi¬ 
mental  Data  from  References  1,28,, 36,  and  37) 
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flexure.  Following  in  the  same  direction,  it  was  decided  to  choose  the 
function  "tan  a"  as  the  parameter  which  would  represent  the  effect  of 
shear  reinforcement  on  the  ultimate  capacity  of  the  beam  by  varying 
the  value  of  the  minimum  moment  capacity  ratio  (point  Fj  in  Figure  11) 
as  defined  next. 


(~)\  -  (— ).  +  [1.0  -  (— ).]  *  tan  a  (94) 

where,  (M^/M^j^)’^  is  the  new  (enhanced)  value  of  the  minimum  moment 
capacity  ratio  due  to  the  influence  of  transverse  reinforcement.  The 
improvement  in  the  flexural  capacity  of  the  member  is  schematically 
shown  in  Figure  11  by  shifting  the  point  Pj  upward  to  a  new  point  F'^- 
The  present  approach  is  different  from  the  previous  study  (Reference 
3)  in  which  a  was  defined  as  the  measured  angle  of  shear  crack,  and 
the  function  "cot  a"  was  used  for  modifying  the  minimum  flexural 
ratio. 

The  above  procedure  can  be  summarized  in  the  following  steps  for 
deep  beams  and  for  slender  beams , respectively : 

1 .  Deep  beams 

a.  Compute  p*(a/d)  for  the  deep  beam. 

b.  Using  Equation  (91),  compute  the  angle  a. 

c.  Compute  the  minimum  moment  capacity  ratio  by 

using  Equations  (44). 

d.  Modify  the  minimum  moment  ratio  of  step  3  by  using 
Equation  (94)  to  account  for  the  improvement  in  the 
ultimate  capacity  caused  by  the  shear  reinforcement. 

e.  Use  the  modified  minimum  moment  ratio  in  Equation  (45-b) 
to  obtain  the  moment  capacity  ratio  of  the  deep  beam, 
Mu/Mfi* 

2.  Slender  Beams 

a.  Compute  p*J(,&/d)  for  the  slender  beam. 

b.  Compute  the  angle  a  from  Equation  (92)  if  the  beam  has  a 
rectangular  cross  section  and  from  Equation  (93)  if  the 
cross  section  is  T  shaped, 

c.  Compute  the  minimum  moment  capacity  ratio  by 

using  Equations  (44). 

d.  Modify  the  minimum  moment  capacity  ratio  in  accordance 
with  Equation  (94)  to  Include  the  effect  of  shear 
reinforcement , 

e.  Employ  the  modified  minimum  moment  ratio  in  Equation  (45- 
a)  to  obtain  the  moment  capacity  ratio  of  the  beam, 
Mu/Mfl- 

Hence,  it  is  possible  to  represent  the  influence  of  shear  on  the 


62 


flexural  capacity  by  SRF  (Shear  Reduction  Factor)  as  following 
Mu 

SRF  -  ( - )  (95) 

Mri 

In  the  previous  study  (Reference  3) ,  the  SRF  was  applied  only  to 
the  ultimate  moment.  Since  this  study  Is  concerned  also  with  the 
overall  behavior  of  beams,  It  Is  proposed  here  to  multiply  all  values 
of  the  computed  moments  between  zero  and  failure  by  the  SRF.  It  must 
be  noted  that  the  concept  of  SRF,  as  defined  here,  was  originally 
developed  In  Reference  3,  but  the  formulation  for  the  Influence  of  web 
reinforcement  on  the  flexural  capacity  of  deep  and  slender  beams  was 
different  from  the  proposed  procedure,  as  discussed  In  Section  II-D-3. 
Furthermore,  contrary  to  the  initial  assumption  that  shear 
deformations  were  negligible  compared  to  the  bending  deformations,  it 
was  observed  later  (as  discussed  later  In  Section  IV)  that  the 
computed  collapse  deflection  of  beams  sensitive  to  shear  (SRF<1)  could 
be  Increased  slightly  to  accoimt  for  shear  deformations  and  to  obtain 
better  correlation  with  the  available  experimental  results.  Therefore, 
It  Is  also  proposed  here  to  divide  all  computed  curvatures,  from  zero 
to  the  ultimate,  by  the  SEIF.  Thus,  to  compute  the  modified  moment- 
curvature  diagram  that  Includes  shear  effects,  one  can  multiply  the 
moments  by  the  SRF  and  divide  the  curvatures  by  the  SEIF  to  obtain  the 
new  curve . 

E.  EFFECT  OF  AXIAL  COMPRESSIVE  FORCE  ON  MEMBERS  WITH  FLEXURE  AND 
SHEAR 

The  presence  of  an  axial  compressive  load  acting  on  the  cross 
section  of  the  beam  is  accounted  for  by  modifying  the  equilibrium 
expression.  Equation  (17),  to  the  following  form: 


T  +  -  C. 


+  C. 


(96) 


where  T,  C^  ,C,  have  been  defined  before  and  constant 

axial  compressive  force. 

From  basic  analysis  of  reinforced  concrete  beam-colxunns ,  It  Is 
understood  that  as  long  as  the  magnitude  of  the  axial  force  Is  below 
the  balance  condition,  the  result  Is  an  enhancement  of  the  moment 
capacity  of  the  cross  section.  Furthermore,  the  effect  of  axial  force 
on  reinforced  concrete  beams  that  fall  into  the  critical  shear  region 
(  1  <  a/d  <  7  )  is  to  reduce  the  tensile  stresses  and  delay  the 
opening  of  the  diagonal  tension  cracks.  The  presence  of  axial  force 
Increases  the  depth  of  the  compression  zone  and  prevents  the  extension 
of  the  cracks  far  into  the  compression  block. 

The  ACI  318-83  Design  Code  suggests  the  use  of  the  following 
equation  in  lieu  of  Equation  (40)  to  reflect  the  improvement  of  the 
shear  capacity  in  the  presence  of  the  axial  force: 
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(97) 
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where,  is  the  ultimate  shear  capacity  of  the  beam  and  is 
modified  ultimate  moment  given  by  the  following  approximate  eqiiation, 
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where,  h  is  the  overall  depth  of  the  beam.  Alternatively,  the  ACI  Code 
also  recommends  the  following  equation  to  account  for  the  enhancement 
in  shear  capacity  of  concrete  with  axial  force: 


P  4  1  0.002  P..,. 

ft  z  1 A  X  ^  ft  z  i  ft  X 

V,  -  2(1+0.0005  - )  7F"  <  3.57^"  (1+  - ) 
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(99) 


Mattock  and  Wang  (Reference  37)  studied  the  influence  axial 
compressive  force  on  the  shear  strength  of  reinforced  concrete  beams 
and  concluded  that  Equation  (99)  is  too  conservative.  Instead,  they 
recommended  the  following  expression: 


y -  ^^axlal  _ _  ®'^^axial 

-  2yF7  (1+ - )  :s  3.5yr;  + - 

A.  f'c  A, 


(100) 


Experimental  results  obtained  by  Mattock  et  al.  (References 
37,38,  and  39)  have  reconfirmed  that  increasing  the  axial  compressive 
force  improves  the  shear  capacity  of  the  beam.  In  addition,  it  was 
found  that  the  contribution  of  the  web  reinforcement  to  the  ultimate 
strength  of  the  beam  is  approximately  independent  of  the  magnitude  of 
the  axial  force. 

The  increase  in  the  strength  of  beams  caused  by  the  axial  force 
is  included  in  the  analytical  model  proposed  in  this  report.  This 
nonlinear  second  order  effect  of  axial  force  is  discussed  later  in 
Section  III-F-4. 
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F.  LOAD -DEFORMATION  ANALYSIS  OF  RC  BEAMS  AND  BEAM- COLUMNS 

1 .  Introduction 

Upon  obtaining  a  complete  moment -curvature  relationship  for 
the  cross  section  of  the  structural  element,  including  the  effects  of 
shear  and  axial  force,  it  was  desired  to  derive  the  load- deformation 
relationship  for  the  element.  The  primary  reasons  of  this  phase  of 
analysis  were  to  obtain  a  quantitative  description  of  the  behavior  of 
the  structural  element  from  the  onset  of  loading  to  the  ultimate 
(collapse)  stage  under  a  static  loading  condition,  and  to  compare  that 
information  with  the  available  experimental  data.  The  proposed  step- 
by-step  procedure  accounts  for  the  nonlinear  distribution  of  the 
curvatures  on  the  span  as  well  as  the  possibility  of  nonlinearities 
associated  with  the  support  conditions. 

In  addition  to  the  load-deflection  relationship,  if  a  dynamic 
analysis  was  required,  it  would  be  necessary  to  compute  the  deformed 
configuration  of  the  structural  element  at  every  load  step,  and  to 
employ  that  information  for  computing  the  parameters  of  the  equivalent 
dynamic  model.  The  second  major  goal  of  the  analysis  at  this  stage  was 
to  compute  these  variables  as  discussed  later  in  Section  III, 

The  numerical  method  employed  here  for  deriving  the  load- 
deformation  relationship  from  the  moment -curvature  diagram  is  based  on 
the  following  assumptions: 

1.  The  approximate  theory  for  small  rotations  and  deflections  is 
employed.  This  assumption  implies  that  deformations  are  small 
enough  so  that  the  slopes  and  curvatures  can  be  closely 
approximated  by  the  first  and  the  second  derivatives  of  the 
deflection  curve  with  respect  to  the  position  coordinate. 
Figure  23  shows  the  small-deformation  and  large -deformation 
solution  for  the  center  deflection  of  a  simply  supported  beam 
subjected  to  a  concentrated  load  at  midspan.  For  deflections 
as  high  as  15  percent  of  the  beam  length,  the  solutions  are 
not  different  from  each  other.  This  is  well  within  the  range 
of  the  expected  result  in  the  present  investigation. 

2.  The  effect  of  diagonal  tension  cracks,  as  a  result  of 
excessive  shear  forces,  on  the  external  bending  moment 
diagram  is  Ignored.  In  the  presence  of  diagonal  tension 
cracks,  the  tension  force  in  the  tensile  reinforcement  is 
slightly  larger  than  that  predicted  by  the  flexural  moment 
diagram,  thus, increasing  the  distance  on  the  span  of  the  beam 
over  which  the  curvatures  exceed  the  yield  curvature 
(Reference  2} . 

3.  The  Influence  of  bond  slip  on  the  rotation  and  deflection  of 
the  beam  is  also  Ignored. 

Assumptions  2  and  3  lead  to  conservative  solutions,  since 
diagonal  tension  cracks  and  the  loss  of  bond  between  steel  and 
concrete  tend  to  increase  the  deformations. 
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Figure  23.  Small  Deformation  vs.  Large  Deformation 
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2.  Description  of  the  Present  Numerical  Method 

Since  the  nonlinear  relationship  between  the  resisting  moment 
and  the  curvature  of  the  cross  section  is  available  in  a  numerical 
form,  closed  form  analytical  solutions  for  the  reactions,  moments  and 
deformations  are  not  considered.  Because  of  the  nonlinear  nature  of 
the  moment -curvature  relationship  and  the  arbitrary  (linear  or 
nonlinear)  nature  of  translational  or  rotational  boundary  conditions, 
reactions  and  deformations  deviate  considerably  from  the  solutions  of 
the  linear  elastic  beam  theory.  In  order  to  obtain  the  behavior  of  the 
beam  at  all  levels  of  loading,  the  following  formulation  has  bei*.n 
employed,  as  presented  next. 

The  general  reinforced  concrete  element  under  consideration  is 
shown  in  Figure  24.  The  load  may  act  at  an  arbitrary  distance,  a,  from 
the  left  support.  Moreover,  partial  linear  or  nonlinear  restraints 
against  rotation  and  lateral  displacement  are  modeled  at  the 
boundaries  of  the  element  by  rotational  and  translational  springs  for 
which  the  moment-rotation  and  force-displacement  relationships  are 
assumed  to  be  known.  It  is  also  assumed  that  the  complete  moment- 
curvature  relationship  for  the  cross  section  has  been  computed  using 
the  method  discussed  earlier  herein.  Knowing  the  lateral  concentrated 
load,  Q  at  load  step  1,  it  is  desired  to  obtain  the  end  moments,  end 
reactions  and  a  numerical  solution  for  lateral  deflections  at  load 
step  i.  Referring  to  Figure  24,  the  solution  methodology  can  be 
summarized  according  to  following  steps: 

a.  Divide  the  beam  into  N  number  of  elements  ;  N+1  nodes. 

b.  Increment  the  load,  Q,  by  dQ. 

c.  Assume  a  moment  M^  at  the  left  support.  This  moment  acts  on  the 
rotational  restraint  and  the  support  at  end  1.  Also,  assume  a 
moment  M2  at  the  right  support.  Similarly,  this  moment  will  act 
on  the  right  end  of  the  beam  as  well  as  the  rotational  spring.  A 
very  good  initial  guess  would  be  to  choose  the  end  moments 
obtained  form  the  previous  load  step. 

d.  From  equations  of  static  equilibrium,  obtain  the  reactions  at 
the  left  and  right  supports.  The  equilibrium  equations  for  the 
element  in  Figure  24  can  be  given  by  the  following  expressions: 

+  Vj  -  Q  (101-a) 

Vj  .  a  +  Vj  .  (L  -  a)  -  Mj  +  Mj  -  0.  (101-b) 

where,  and  Vj  are  the  reactions  at  the  left  and  right 
supports,  respectively. 

e.  The  displacements  at  the  supports  are  denoted  by  and  Aj.  They 
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1.  Element 


2.  Deformed  Shape 


3.  Free  Body  Diagram 


4.  Moment  Diagram 


5.  Curvature  Diagram 


Figure  24.  General  Element  with  Variable  Boundary  Conditions 
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can  be  computed  from  the  following  expressions: 

-  f,  (Vj) 

-  f,  (V,) 


(102 -a) 
(102-b) 


where,  f^  and  f2  are  the  translational  boundary  conditions  at 
ends  1  and  2, respectively. 

f.  Similarly,  The  rotations  at  supports  are  denoted  by  6^  and  62 
and  can  be  computed  from  the  moment-rotation  boundary 
conditions. 


01  - 

®2  -  82  (“2) 


(103-a) 

(103-b) 


where,  and  g2  are  the  fvmctlons  for  rotational  boundary 
conditions  at  ends  1  and  2,  respectively. 

g.  Knowing  the  end  reactions  and  the  end  moments,  create  the  moment 
diagram  by  computing  the  moment  at  each  node. 

h.  Obtain  the  curvature  diagram,  ^(x).  In  a  numerical  form  by  using 
the  moment  diagram  In  conjunction  with  the  moment -curvature 
relationship. 

1.  Compute  the  slopes  at  the  boundaries  from  the  curvature  of  the 
beam  by  numerical  Integration  of  the  curvature  diagram  along  the 
span  of  the  beam  as  following. 


e'l  -  j  ^(x)  dx 


(104-a) 


e'2  -  I  ^(x)  dx 


(104-b) 


j .  It  Is  now  necessary  to  check  for  geometric  compatibility  at  the 
boundaries  of  the  beam.  The  conditions  of  compatibility  can  be 
expressed  by  the  following  expressions  for  ends  1  and  2, 
respectively. 


+  (  e'j  +  f  )  -  0. 

(105-a) 

02  +  (  0*2  +  r  )  -  0. 

(105-b) 

where , 

r  -  (hj  -  hj)/  L 

(106) 

f  Is  the  chord  deflection  resulting  from  the  differential 
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displacement  at  the  supports.  The  only  permissible  state  of 
equilibrium  for  the  beam  is  when  compatibility  conditions,  as 
for  example  given  by  Equations  (105-a,105*b) ,  are  satisfied  to 
within  a  small  tolerance.  A  value  of  l.*10~^  is  chosen  in  this 
procedure  which  provides  a  reasonable  computational  speed  and 
accuracy . 

k.  If  Equations  (105-a, 105-b)  are  not  satisfied,  then  the  end 
moments,  M,  and  M2  are  modified  and  the  iterative  procedure, 
steps  2  through  10,  will  be  repeated  until  convergence  is 
obtained. 

l.  In  the  event  that  convergence  is  not  reached  within  an 
acceptable  number  of  Iterations  (taken  as  50) ,  the  load 
increment,  dQ,  is  reduced  and  the  entire  iterative  process, 
steps  2  through  11,  will  be  repeated  for  the  new  load. 

m.  Once  equations  of  equilibrium,  l.e..  Equations  (101-a, 101*b) , 
and  equations  of  geometric  compatibility,  i.e.  Equations  (105- 
a, 105-b),  are  satisfied  simultaneously  within  an  acceptable 
tolerance,  the  rotations  and  deflections  may  be  computed  for 
every  node,  j,  on  the  beam  for  the  specific  load  level. 


-  A^  +  I**  X  ^(x)  dx  (108) 

Where,  Xj  is  the  distance  between  end  1  and  node  j.  Furthermore, 
once  these  computations  are  performed  for  all  nodes,  it  is 
possible  to  obtain  the  expression  for  the  deflection  function, 
A(x)j^,  and  slope  function,  0(x)j  corresponding  to  the  load  step 
i.  The  normalized  deflected  shape  function,  i^(x)^,  can  be 
obtained  in  a  numerical  form  by  dividing  the  deflection  function 
by  the  maximum  value  of  deflection  obtained  at  this  step. 

^(x),  -  A(x),  /  A„,  (109) 

This  function  will  be  used  later  in  computing  the  parameters  of 
the  equivalent  dynamic  model  (Sections  III-F-3,  II-F-4,  and  III- 
H-2). 

n.  Steps  three  through  fourteen  are  repeated  for  a  new  load  level 
until  the  collapse  load  of  the  member  is  reached,  l.e.,  when 
hinges  are  formed  at  the  boundaries  and  under  the  concentrated 
load. 

The  iterative  procedure  for  satisfying  the  conditions  of 
geometric  compatibility  for  either  one  of  the  end  moments  is  b)rpassed 
if  the  moment  at  that  end  is  known.  In  other  words,  iterations 
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performed  on  either  end  moments  are  required  only  if  the  beam  is 
statically  indeterminate  at  that  end.  For  example,  a  simply  supported 
beam  does  not  require  Iterations  at  all,  because  the  value  of  the 
moment  at  the  support  hinges  is  always  zero.  Similarly,  upon  the 
formation  of  the  plastic  hinge  in  one  location,  the  moment  at  that 
point  will  be  kept  constant  and  equal  to  the  ultimate  moment  (on  the 
moment -curvature  relationship).  Beyond  this  load,  any  additional 
increase  in  load  is  supported  by  other  parts  of  the  element 
(redistribution  of  moments),  provided  that  sufficient  ductility  is 
available  at  the  critical  sections.  The  collapse  (ultimate)  load  of 
the  member  is  reached  upon  formation  of  plastic  hinges  at  the  critical 
locations. 

Experimental  observations  (References  1,13,  and  17)  indicate  that 
the  failure  of  reinforced  concrete  cross  sections  seem  to  occur  over  a 
finite  length  in  the  vicinity  of  the  critical  section.  Thus,  the 
formation  and  propagation  of  plastic  hinges  require  special  attention, 
and  the  following  assumptions  are  used  in  this  study  to  formulate  the 
influence  of  hinge  formation  on  the  behavior  of  the  beam.  If  the 
maximum  moment  in  the  critical  section  is  less  than  the  yield  moment, 
the  beam  will  be  asstmed  to  behave  elastically.  \Jhen  the  moment  at  the 
critical  section  exceeds  the  yield  moment,  a  hinge  begins  to  develop. 
The  length  of  the  plastic  hinge,  L^,  is  defined  as  the  distance 
between  the  location  of  the  yield  moment,  and  the  maximum  moment. 
The  curvature  over  the  length  of  the  plastic  hinge  will  be  assvimed 
constant  and  equal  to  the  magnitude  of  the  curvature  at  the  critical 
section.  This  assumption  is  in  fact  analogous  to  the  horizontal 
displacement  of  the  bending  moment  diagram  proposed  in  (References  40 
and  41)  to  empirically  account  for  the  effect  of  diagonal  tension 
cracks  at  the  critical  section.  As  the  load  increases,  the  plastic 
hinge  propagates  and  may  reach  its  full  length.  Based  on  experimental 
result  on  simply  supported  beams  subjected  to  concentrated  loads. 
Corely  (Reference  13)  proposed  the  following  expression  for  the  full 
length  of  a  plastic  hinge. 


L  -  0.5  d  +  0.2  Ja  (— )  (110) 

•  » 


where,  d  is  the  effective  depth  of  the  cross  section  in  inches  and 
is  the  distance  between  the  critical  section  to  the  point  of 
contraflexure  in  Inches.  The  validity  of  the  present  assumptions  are 
investigated  later  in  Section  IV,  where  the  analytic  results  are 
compared  with  the  experimental  findings. 

3.  Complete  Strxictural  Systems 

The  method  outlined  above  includes  the  consideration  of  the 
boundary  conditions  for  the  element  under  investigation.  These 
conditions  may  reflect  the  contribution  of  the  adjoining  members 
and/or  connections  to  the  response  of  the  particular  loaded  element. 
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and  are  Included  in  the  numerical  derivation  of  the  load- deflection 
relationship  and  the  deflection  shape  function.  The  boundary 
conditions  considered  in  the  present  study  are  the  following:  - 

a.  Simply  supported 

b.  Fully  restrained  against  rotation  and  displacement 

c.  Partially  restrained  against  rotation  and  displacement 

If  the  loaded  member  is  simply  supported,  the  end  moments  are 
zero,  consequently  no  iterations  are  required  and  the  numerical 
computation  of  the  deformations  from  the  moment  curvature  relationship 
is  straightforward.  The  collapse  mechanism  is  reached  upon  the 
formation  of  the  first  plastic  hinge  in  the  span.  On  the  other  hand, 
if  the  loaded  member  is  fixed  at  both  ends,  two  sets  of  iterations 
must  be  performed  at  every  load-step  until  the  formation  of  the  first 
plastic  hinge.  Provided  that  sufficient  ductility  is  available  at  the 
plastic  hinge,  the  computational  procedure  for  redistribution  of 
moments  will  continue  with  one  set  of  iterations  until  the  formation 
of  the  second  plastic  hinge,  beyond  which  the  structure  is  determinate 
and  no  iterations  are  required.  In  this  case,  the  collapse  mechanism 
is  reached  upon  the  formation  of  the  third  plastic  hinge. 

The  following  two  options  have  been  considered  for  modeling 
partially  restrained  members: 

1.  Employment  of  rotational  and  translational  springs  at  the 
supports  for  which  the  linear  or  nonlinear  load- deformation 
characteristics  may  be  defined  by  numerical  functions.  The 
resistance  of  the  rotational  springs  is  defined  by  a  moment- 
rotation  relationship,  6-g(M),  and  the  resistance  of  the 
translational  springs  is  defined  by  a  load- displacement 
function,  d-f(V).  This  option  could  be  particularly  useful  in 
modeling  the  Interaction  of  connections  (e.g.,  bond  slip  in  the 
anchorage  zone)  with  the  flexural  behavior  of  element  in 
question. 

2.  Attachment  of  the  loaded  element  at  its  boundaries  to  a  simple 
linear  rectangular  frame.  The  properties  of  the  adjoining 
elements  of  the  frame,  i.e.,  lengths,  moments  of  inertia  and 
elastic  modulus,  must  be  provided.  Figure  25  depicts  all  the 
possible  configurations  for  which  the  analysis  can  be  performed. 
The  assumption  of  frame  linearity  seems  to  be  rational  for  cases 
where  concentrated  loads  are  considered  in  the  dynamic  domain, 
since  the  nonlinear  flexural  response  is  primarily  governed  by 
the  element  in  question  while  the  effects  of  adjoining  elements 
decreases  as  they  are  further  away  from  the  zone  of  interest.  In 
the  event  that  the  analyst  might  suspect  nonlinearities  in  the 
frame  action,  the  use  of  the  preceding  option  is  recommended 
Instead. 
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G.  COMPUTER  PROGRAM  AND  FLOW  CHART  FOR  STATIC  ANALYSIS 

Based  on  the  formulations  presented  in  this  section,  the  computer 
program,  ZCON,  for  the  moment -curvature  analysis  of  the  element  cross 
section,  and  the  computer  program,  LOADDEF,  for  load- deformation 
analysis  of  structural  elements  were  developed.  These  programs  are 
currently  ready  for  use  on  IBM  AT  as  well  as  IBM  4341  computers.  The 
programs  were  used  to  analyze  a  number  of  experimental  cases  in  which 
reinforced  concrete  elements  were  subjected  to  severe  concentrated 
loads.  The  analysis  for  these  cases  are  provided  in  Section  IV.  The 
contents  of  the  programs  ZCON  and  LOADDEF  are  illustrated  by  flow 
diagrams  in  Figures  26  and  27,  respectively. 
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/  INPUT: 

/  Element  Properties:  Material  and 
/  Geometric  Stress  -  Strain  Curve  for 
/  Steel  Compressive  Strength  of 
/  Concrete  Transverse  Reinforcement 
/  Data,  Width,  Depth,  Effective  Depth, 

/  Height,  etc.  Magnitude  and  Location  of 
/  Axial  Force _ 


Figure  2S.  Flowchart  for  Program  ZCON 
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iCompute  Moment  and  Curvature  | 


/  OUTPUT:  Moment-Curvature  J 


C  STOP) 


Figure  26.  Flowchart  for  Program  ZCON 

(concluded) 
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Increment  Load  by  Load  Step 
Set  Iteration  Index  ■  0  _ 


Is  Structure 
Determinate 


Figure  27.  Flow  Diagran  for  Program  LOADDEF 
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SECTION  III 

ANALYTICAL  MODELING  OF  STRUCTURAL  BEHAVIOR  IN  THF  DYNAMIC  DOMAIN 
A.  INTRODUCTION 

Since  the  end  of  WW  II  there  has  been  an  extensive  amount  of 
theoretical  and  experimental  research  on  the  effects  of  detonations  on 
structures.  Most  of  the  research  activities  were  devoted  to  the 
dynamic  response  of  structures  that  were  subjected  to  nuclear  blast, 
and  relatively  little  work  was  performed  on  the  response  of  reinforced 
concrete  structures  to  resist  localized  effects  of  conventional 
weapons.  For  nuclear  detonations  it  is  generally  assumed  to  consider 
only  the  variation  of  load  (pressure)  with  time,  since  the  spatial 
variation  of  the  load  is  assumed  to  be  uniform  in  nature.  However,  for 
conventional  weapons  there  is  a  steep  decay  of  pressure  with  distance, 
and  the  applied  loads  act  only  on  a  small  part  of  the  structure  or 
structural  element.  Thus,  it  becomes  important  to  study  the  response 
of  the  individual  elements  which  may  be  subjected  to  local  blast 
forces  arising  from  a  nearby  detonation.  This  study  is  concerned  only 
with  dynamic  load  sources  which  act  on  a  relatively  small  part  of  the 
structural  members,  such  as  loads  generated  from  a  local  impact  and 
detonation  of  conventional  weapons. 

A  reinforced  corxrete  structural  element  subjected  to  lateral 
localized  impulsive  load  is  a  continuously  distributed  vibrating  body. 
Theoretically,  it  consists  of  a  large  number  of  elements,  each  with 
specific  mass,  that  are  connected  to  other  elements,  each  having  a 
specific  stiffness  properties.  The  mathematical  idealization  for  such 
an  ideal  continuous  system  is  by  means  of  a  partial  differential 
equation,  with  independent  variables  being  the  position  coordinate 
along  the  longitudinal  axis  of  the  element,  and  time.  The  solution  of 
the  partial  differential  equation  will  depend  on  the  boundary 
conditions,  initial  conditions,  type  and  distribution  of  the  loading 
function,  and  the  mass  and  stiffness  properties  of  the  continuous 
system  (References  42,43,  and  44).  The  closed  form  solution  to  the 
partial  differential  equation  of  motion  for  a  vibrating  elastic 
homogenous  Bernoulli -Euler  beam  with  simple  boundary  condition  (e.g., 
clamped,  hinged)  is  available  in  References  42,43,  and  44.  The  so 
called  'exact'  solutions  become  increasingly  complicated,  if  not 
impossible,  for  beams  with  arbitrary  translational  and  rotational 
support  conditions.  The  dynamic  response  of  a  reinforced  concrete  beam 
is  further  complicated  by  the  fact  that  it  is  a  composite  structural 
element  with  nonhomogenous  anisotropic  material  properties,  in  which 
certain  highly  stressed  parts  of  the  beam  are  likely  to  experience 
nonlinear  (plastic)  deformations,  while  other  par's  may  still  remain 
elastic . 

As  Biggs  (Reference  42)  points  out  in  his  book:  "rigorous  dynamic 
solutions  for  vibrating  beams  are  only  possible  when  the  loads, 
stiffness  properties,  and  boundary  conditions  are  simple  and 
convenient  mathematical  functions.  Thus,  it  is  desirable  to  employ 
approximate,  reliable,  and  inexpensive  techniques  to  analyze  the 
dynamic  behavior  of  reinforced  concrete  beams." 
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One  of  the  most  common  analytic  methods  for  the  analysis  of 
complicated  dynamic  systems  is  to  discretize  the  continuous  system  and 
concentrate  the  mass  of  the  beam  in  a  number  of  lumps,  and  to  connect 
these  lumped  masses  by  springs  which  are  representatives  of  the 
stiffness  properties  of  the  continuous  system.  Each  lumped  mass  is 
associated  with  a  number  of  prescribed  independent  displacement 
coordinates  or  degrees  of  freedom  (  e.g.,  bending  deflection, 
rotation,  axial  deformation,  etc.).  In  selecting  the  degrees  of 
freedom  it  is  very  Important  to  choose  displacement  coordinates  which 
posses  significant  physical  features  (e.g.,  point  of  maximum 
deflection).  Since  the  mass  of  the  continuous  system  is  lumped, 
inertia  forces  can  only  be  developed  at  the  discrete  points.  By 
considering  the  dynamic  equilibrium  of  each  mass,  a  differential 
equation  of  motion  can  be  developed  for  every  degree  of  freedom,  and 
thus  the  continuous  system  is  approximated  by  a  multi-degree-of- 
freedom  (MDOF)  system.  In  general,  these  equations  are  not  independent 
(static  coupling)  and  an  approximate  response  solution  of  the  system 
can  be  obtained  by  solving  the  system  of  differential  equations 
simultaneously . 

It  is  possible,  at  least  theoretically,  to  create  a  MDOF  system 
for  dynamic  analysis  of  reinforced  concrete  beams  or  one-way  slabs 
subjected  to  impulsive  loads.  But,  because  of  the  arbitrary  nature  of 
the  support  conditions  considered  in  this  study,  obtaining  an  accurate 
description  of  stiffness  properties  of  the  discrete  parameter  system 
becomes  a  very  difficult  task.  More  important  is  the  difficulty 
associated  with  inclusion  of  plastic  displacements  and  rotations  on 
the  stiffness  properties  of  the  springs.  These  inelastic  deformations 
are  load- dependent  and  occur  only  at  certain  highly  stressed  regions 
along  the  longitudinal  axis  of  the  member.  Furthermore,  it  becomes 
necessary  to  solve  a  series  of  coupled,  simultaneous  and  nonlinear 
differential  equations,  often  in  Itself  a  tedious  and  expensive  task. 
In  addition,  for  blast  loads  arising  from  the  detonation  of 
conventional  weapons ,  the  distribution  and  magnitude  of  the  applied 
impulsive  loads  on  the  lumped  masses  is  uncertain.  Hence,  employing  a 
complex  MDOF  model  for  dynamic  analysis  of  reinforced  concrete  members 
does  not  seem  to  be  a  well  justified  method. 

Another  possible  approximate  technique  for  solving  dynamic 
problems  of  this  type  is  to  use  an  advanced  numerical  approach  such  as 
the  Finite  Element  Method.  Generally,  this  method  includes  certain 
features  of  both  the  discrete  MDOF  and  the  generalized  distributed 
coordinate  procedure  (Reference  44).  In  this  method  the  beam  is 
divided  into  an  appropriate  number  of  elements ,  Interconnected  to  each 
other  at  nodes,  and  the  displacements  of  these  nodes  are  the  degrees 
of  -  freedom  or  the  generalized  coordinates.  By  using  proper  shape 
functions,  the  deformations  in  the  structure  are  expressed  as 
functions  of  generalized  coordinates.  Similar  to  the  generalized 
distributed  method,  these  shape  functions  must  be  compatible  with  the 
geometric  boundary  conditions  and  maintain  the  internal  continuity  of 
the  displacements  at  the  nodes.  Upon  formation  of  global  mass, 
stiffness,  and  load  vectors,  a  numerical  solution  to  the  set  of 
simultaneous  equations  may  follow. 
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SECTION  III 

ANALYTICAL  MODELING  OF  STRUCTURAL  BEHAVIOR  IN  THE  DYNAMIC  DOMAIN 
A.  INTRODUCTION 

Since  the  end  of  WW  II  there  has  been  an  extensive  amount  of 
theoretical  and  experimental  research  on  the  effects  of  detonations  on 
structures.  Most  of  the  research  activities  were  devoted  to  the 
dynamic  response  of  structures  that  were  subjected  to  nuclear  blast, 
and  relatively  little  work  was  performed  on  the  response  of  reinforced 
concrete  structures  to  resist  localized  effects  of  conventional 
weapons.  For  nuclear  detonations  it  is  generally  assumed  to  consider 
only  the  variation  of  load  (pressure)  with  time,  since  the  spatial 
variation  of  the  load  is  assumed  to  be  uniform  in  nature.  However,  for 
conventional  weapons  there  is  a  steep  decay  of  pressure  with  distance, 
and  the  applied  loads  act  only  on  a  small  part  of  the  structure  or 
structural  element.  Thus,  it  becomes  Important  to  study  the  response 
of  the  Individual  elements  which  may  be  subjected  to  local  blast 
forces  arising  from  a  nearby  detonation.  This  study  is  concerned  only 
with  dynamic  load  sources  which  act  on  a  relatively  small  part  of  the 
structural  members,  such  as  loads  generated  from  a  local  Impact  and 
detonation  of  conventional  weapons. 

A  reinforced  concrete  structural  element  subjected  to  lateral 
localized  impulsive  load  is  a  continuously  distributed  vibrating  body. 
Theoretically,  it  consists  of  a  large  number  of  elements,  each  with 
specific  mass,  that  are  connected  to  other  elements,  each  having  a 
specific  stiffness  properties.  The  mathematical  idealization  for  such 
an  ideal  continuous  system  is  by  means  of  a  partial  differential 
equation,  with  independent  variables  being  the  position  coordinate 
along  the  longitudinal  axis  of  the  element,  and  time.  The  solution  of 
the  partial  differential  equation  will  depend  on  the  boundary 
conditions,  initial  conditions,  type  and  distribution  of  the  loading 
function,  and  the  mass  and  stiffness  properties  of  the  continuous 
system  (References  42,43,  and  44).  The  closed  form  solution  to  the 
partial  differential  equation  of  motion  for  a  vibrating  elastic 
homogenous  Bernoulli-Euler  beam  with  simple  boundary  condition  (e.g., 
clamped,  hinged)  is  available  in  References  42,43,  and  44.  The  so 
called  'exact'  solutions  become  increasingly  complicated,  if  not 
impossible,  for  beams  with  arbitrary  translational  and  rotational 
support  conditions.  The  dynamic  response  of  a  reinforced  concrete  beam 
is  further  complicated  by  the  fact  that  it  is  a  composite  structural 
element  with  nonhomogenous  anisotropic  material  properties,  in  which 
certain  highly  stressed  parts  of  the  beam  are  likely  to  experience 
nonlinear  (plastic)  deformations,  while  other  parts  may  still  remain 
elastic. 

As  Biggs  (Reference  42)  points  out  in  his  book:  "rigorous  dynamic 
solutions  for  vibrating  beams  are  only  possible  when  the  loads, 
stiffness  properties,  and  boundary  conditions  are  simple  and 
convenient  mathematical  functions.  Thus,  it  is  desirable  to  employ 
approximate,  reliable,  and  inexpensive  techniques  to  analyze  the 
dynamic  behavior  of  reinforced  concrete  beams." 
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Just  as  for  the  MDOF  approach,  the  drawbacks  In  \islng  such  a 
technique  for  the  present  problem  are  again  the  difficulties  with  an 
accurate  formulation  of  material  behavior  for  reinforced  concrete,  and 
uncertainties  about  the  load.  In  other  words,  it  is  really  not 
worthwhile  to  perform  an  elaborate  three-dimensional  dynamic  finite 
element  analysis  without  both  a  realistic  constitutive  material  model 
for  reinforced  concrete  at  hand,  and  an  accurate  definition  of  the 
loading  condition.  Most  dynamic  finite  element  codes  do  not  have  a 
well  verified  material  model  which  can  accurately  simulate  cracking, 
post-elastic,  and  confinement  of  concrete.  Moreover,  there  are 
considerable  uncertainties  with  regard  to  the  nonlinear' resistance  and 
the  loss  of  stiffness  due  to  the  formation  and  propagation  of  plastic 
zones  along  the  span  of  the  beam  during  vibration. 

The  use  of  an  advanced  approximate  technique  ,  such  as  MDOF, 
Finite  Element,  or  Finite  Difference  codes  is  justified  only  if  it 
will  better  represent  the  behavior  of  the  structure  under 
consideration.  Usually,  employment  of  complex  analytical  techniques  is 
not  recommended.  In  light  of  the  preceding  discussion  and  from  the 
viewpoint  of  obtaining  a  practical  and  justifiable  solution  to  this 
extremely  complicated  dynamic  problem,  employment  of  an  advanced  form 
of  a  single -degree -of -freedom  for  dynamic  analysis  is  proposed.  The 
primary  reasons  for  using  the  SDOF  model  are  as  follows: 

1.  It  peirmits  an  accurate  representation  of  the  material  behavior 
of  reinforced  concrete  members  in  the  analytical  scheme.  This 
method  is  able  to  account  for  elastic,  smooth  transition  to 
inelastic,  and  the  plastic  behavior  of  reinforced  concrete 
members.  Such  representation  considers  the  effects  of 
confinement  and  cracking  of  concrete  and  the  strain  hardening  of 
the  reinforcing  bars,  in  addition  to  the  effect  of  the 
enhancement  in  material  properties  of  steel  and  concrete  when 
subjected  to  short  Impulsive  loads.  Above  all,  the  nonlinear 
behavior  of  the  element,  due  to  the  formation  and  propagation  of 
plastic  hinge(s),  is  Incorporated  into  the  vibration  analysis. 

2.  It  is  possible  to  Incorporate  a  systematic  and  consistent  method 
for  Including  the  Influence  of  arbitrary  linear  or  nonlinear 
support  conditions.  The  Influence  of  translational  and 
rotational  end  conditions  on  the  flexural  resistance  function  of 
the  element  in  the  dynamic  domain  can  be  considered. ' 

Although  this  technique  has  its  own  limitations  (as  discussed  in 
Section  III-H-2),  it  should  not  be  thought  of  as  a  poor  approximation 
for  predicting  the  dynamic  behavior  of  reinforced  concrete  beams  \inder 
impulsive  loads.  As  Clough  and  Penzien  (Reference  44)  point  out: 

"..the  quality  of  results  obtained  with  a  SDOF  approximation  depends 
on  many  factors,  principally  the  spatial  distribution  and  time 
variation  of  the  loading  and  the  stiffness  and  mass  properties  of  the 
structure."  Moreover,  when  employing  the  SDOF  approximation  for  the 
dynamic  analysis  of  a  continuous  system  like  a  beam,  one  must  always 


be  aware  of  Inherent  limitations  of  the  approach.  For  example, 
determination  of  dynamic  shear  forces  and  bending  moments  directly 
from  the  results  of  the  SDOF  analysis  yields  erroneous  results.  In 
that  case,  additional  special  steps  must  be  taken  for  obtaining  an 
adequate  solution. 

In  this  section,  the  procedure  for  obtaining  the  equivalent  SDOF 
system  for  an  elastic  vibrating  beam  with  simple  boundary  conditions 
is  discussed.  The  development  of  an  equivalent  SDOF  for  a  beam  that 
theoretically  has  an  infinite  number  of  degrees  of  freedom  requires 
that  certain  Important  idealizations  be  made  regarding  the  dynamic 
motion  of  the  structural  element.  These  assumption  and  the  influence 
of  other  Important  parameters  such  as  loading  duration,,  support 
conditions,  damping,  resistance,  and  inertia  forces  on  the  solution  of 
the  SDOF  are  studied.  In  addition,  the  procedure  and  limitations  for 
deriving  the  equivalent  dynamic  system  for  a  beam  with  plastic 
deformations,  as  reported  in  the  literature,  is  studied. 

One  of  the  most  difficult  problems  in  modelling  structural 
elements  as  SDOF  systems  is  in  the  flexural  Interaction  of  the 
Individual  element  with  others  members  of  the  structure.  In  HDOF 
modelling  of  elastic  structures,  this  phenomenon  is  generally  referred 
to  as  elastic  or  stiffness  coupling  between  the  structural  elements. 
When  modeling  the  dynamic  behavior  of  the  Individual  element  by  a  SDOF 
system,  one  must  be  aware  of  this  Important  interaction,  since  it  may 
have  a  considerable  Impact  on  the  quality  of  the  results.  The 
significance  of  this  concept  for  structural  members  that  are  subjected 
to  short  Impulsive  loads  is  also  discussed. 

1.  Objectives  of  SDOF  Dynamic  Analysis 

The  analytical  scheme  in  this  study  has  been  structured  as 

follows : 

a.  It  represents  the  flexural  dynamic  response  motion  of  a 
reinforced  concrete  structural  element  (i.e.,  beam,  one-way 
slab,  etc.)  by  an  equivalent  SDOF  system. 

b.  It  employs  an  accurate  flexural  resistance-deformation 
relationship  for  the  reinforced  concrete  element  in  the 
dynamic  analysis.  Such  relationships  take  into  account 
Intemial  changes  along  the  element  due  to  the  formation  of 
plastic  zones.  These  changes  occur  as  a  result  of  gradual 
loss  of  stiffness  at  highly  stressed  cross  sections,  and  they 
affect  inertia  and  resistance  forces. 

c.  It  Includes  the  Influence  of  boundary  conditions  in  the  SDOF 
modeling.  The  proposed  resistance-deformation  relationship 
reflects  the  influence  of  arbitrary  linear  or  nonlinear 
support  conditions  in  the  form  of  translational  and 
rotational  springs.  These  end  condition  reflect  the  Influence 
of  attached  structural  elements  and/or  connections  on  the 
stiffness  properties  of  the  element  under  consideration.  The 
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Importance  of  stiffness  coupling  between  the  individual 
element  and  the  support  structure  is  also  examined  for  short 
duration  impulsive  loads. 

d.  It  considers  the  energy  dissipation  and  stiffness 
deterioration  of  the  reinforced  concrete  element  via  a 
hysteresis  resistance -displacement  relationship  which  is 
consistent  with  previous  experimental  observations. 

e.  It  incorporates  the  influence  of  loading  rate  on  stress - 
strain  properties  of  concrete  and  steel. 

f.  It  considers  the  direct  shear  resistance  of  reinforced 
concrete  beams  and  one-way  slabs  subjected  to  localized 
impulsive  loads. 

B.  THEORETICAL  BACKGROUND  ON  EQUIVALENT  SDOF  SYSTEMS 

The  method  of  approximating  the  dynamic  response  of  a  beam,  which 
in  reality  is  an  infinite -degree -of -freedom  system,  by  a  SDOF  system 
is  discussed  thoroughly  (see  References  42,44,  and  45)  and  reviewed 
here  briefly.  In  order  to  derive  such  an  equivalent  system,  it  is 
necessary  to  represent  the  motion  in  terms  of  one  displacement 
coordinate,  l.e.,the  maximum  displacement  of  the  beam,  with  some 
approximate  shape  function  to  represent  the  deflection  of  the  entire 
beam.  Figure  28  shows  a  beam  with  arbitrary  boundary  conditions 
subjected  to  a  concentrated  dynamic  load  at  some  arbitrary  point  j  on 
the  span.  The  SDOF  Idealization  is  also  shown  in  Figure  28.  The 
displacement  coordinate  u,  represents  the  maximum  deflection  of  the 
beam,  k,  is  the  equivalent  stiffness  constant  of  the  spring,  and  is 
the  equivalent  dynamic  load.  A  common  approach  to  derive  the 
parameters  of  an  equivalent  SDOF  system  is  to  equate  the  energies  of 
the  distributed  and  SDOF  systems  in  the  following  manner. 

1.  The  kinetic  energy  of  the  beam,  KE^,,  and  the  kinetic  energy 
of  the  equivalent  SDOF  system,  KE^,  may  be  expressed  by  the 
following  two  equations: 

KEj,  -  0-5  J  m^  (au/at)*  dx  (111-a) 


KE.  -  0.5  M,  (au,/at)2  (111-b) 

where,  m^  is  the  mass  per  unit  length  of  the  beam,  L  is  the 
length  of  the  beam,  and  u  is  the  displacement  of  the  beam 
which  depends  on  position  and  time.  For  the  SDOF,  is  the 
equivalent  mass  and  u^  is  the  displacement  of  the  lumped 
mass,  chosen  to  be  the  same  as  the  maximum  deflection  of  the 
beam.  If  the  displacement  function,  u(x,t),  can  be 
represented  by  the  product  of  a  proper  shape  function,  ^(x) , 
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and  a  time  varying  fxmction,  G(t) ,  i.e., 

u(x.t)  -  i^(x)  G(t)  •  (112) 

then,  by  eqxiating  Equations  (111-a)  and  (112-b)  it  is 
possible  to  obtain  an  expression  for  the  equivalent  mass  of 
the  SDOF  system  as  follows; 


L 

^  “u  ^  (x)*  dx 


(113) 


The  function  ifr(x)  is  normalized  with  respect  to  the  maximum 
deflection  of  the  beam  and  it  must  be  compatible  with  the 
geometric  end  conditions. 

2.  The  strain  energy  of  the  elastic  beam,  Uj^,  and  the  strain 
energy  of  the  equivalent  system,  ,  may  be  given  by  the 
following  relationships, respectively. 

L 

-  0.5  j  (El),,  (au^'ax*)*  dx  (114-a) 


U.  -  0.5  k. 


(114-b) 


Substituting  for  u(x,t)  from  Equation  (112)  into  Equations 
(114)  and  equating  Equation  (114-a)  to  Equation  (114-b) ,  the 
equivalent  stiffness  constant  for  the  SDOF  system  may  be 
derived  as  follows ; 

L 

f  (El),  (ifr(x)")2  dx  (115) 


Here,  E  is  the  elastic  modulus  of  the  beam,  1  is  the  moment 
of  inertia,  and  ^(x)"  is  the  second  derivative  of  the 
normalized  shape  function  with  respect  to  the  longitudinal 
coordinate  variable  x. 

3.  The  external  work  on  the  beam,  W^,  and  the  external  work  on 
the  SDOF,  W^,  may  be  expressed  in  the  following  manner; 


Wb  -  Q(t)j  Uj  (116-a) 

W,  -  Q,(t)  u,  (116-b) 
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where,  Q(t)j  is  a  time  dependent  concentrated  load  function 
acting  at  point  j  on  the  span  of  the  beam,  u.  is  the 
displacement  of  the  beam  evaluated  at  point  j,  and  Q, (t)  Is 
the  equivalent  load  of  the  SDOF  system.  By  equating  Equations 
(116-a)  and  (116-b)  to  one  another  and  substituting  for  u 
from  Equation  (112) ,  the  equivalent  load  may  be  obtained  as 
following; 

Q(t)  .  -  Q(t)j^(x)j  (117) 

where,  ^(x),  is  the  shape  function  ^  evaluated  at  point  j. 
Thus,  the  equation  of  motion  for  an  undamped  equivalent  SDOF  system 
can  be  written  as 

M,  X  +  k,  X  -  Q,(t)  (118) 

and  the  displacement  of  any  point  along  the  longitudinal  axis  of  the 
beam  can  be  obtained  from  Equation  (112),  In  which  G(t)  is  the 
solution  of  the  differential  equation  of  the  equivalent  system,  l.e.„ 
Equation  (118). 

Biggs  (Reference  42)  derived  the  parameters  of  the  equivalent 
system  for  an  elastic  beam  by  employing  the  shape  functions  obtained 
from  the  application  of  the  load  to  the  beam  under  static  condition. 
These  parameters  were  presented  only  to  a  limited  number  of  cases  for 
which  the  boundary  conditions  were  simple  and  the  concentrated  load 
was  always  applied  to  the  center  point  of  the  span.  Moreover,  certain 
assvuned  shape  functions  were  provided  for  the  fully  plastic  range  of 
behavior  and  It  was  stated  that  the  lack  of  a  smooth  transition  from 
elastic  to  plastic  behavior  could  Introduce  errors  In  the  results  of  a 
dynamic  analysis. 

Biggs  (Reference  42)  proposed  another  version  of  Equation  (118) 
by  introducing  transformation  factors  as  follows; 

(MF)  M^  X  +  (LF)  K  X  -  (LF)  Q(t)  (119) 

Where,  Is  the  actual  mass  and  k  is  the  stiffness  of  the  beam.  MF 
and  LF  are  the  mass  factor  and  the  load  factors  defined  by  the 
following  equations,  respectively. 


MF  -  M,/M^  (120-a) 

LF  -  Q,(t)/Q(t)  (120.b) 


These  factors  are  often  referred  to  as  ".the  Biggs  factors"  and  they 
can  be  computed  once  the  deflected  shape  function  Is  assumed.  In 
addition,  by  introducing  the  concept  of  a  resistance  function  to 
replace  the  stiffness  parameters,  a  more  practical  form  of  Equation 
(119)  can  be  obtained.  The  resistance  function  to  be  used  in  the 
dynamic  analysis  Is  the  relationship  between  the  applied  load  and  the 
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selected  deflection  coordinate  (where  deflection  Is  chosen  be  equal  to 
that  of  the  equivalent  SDOF)  under  the  static  application  of  the 
d3mamic  load.  The  resistance  force  is  the  Intc'-nal  force  that  resists 
the  externally  applied  load,  and  hence  must  be  equal  to  it.  For  an 
elastic  beam,  the  resistance  force  is  equal  to  the  product  of  the 
equivalent  spring  stiffness  constant  and  the  displacement,  i.e.,k^x. 
For  an  inelastic  beam,  the  resistance  R  is  the  restoring  force  in  the 
spring,  and  the  maximum  resistance  is  the  ultimate  load  the  beam  can 
carry  \inder  static  conditions.  Since  resistance  and  the  applied  load 
are  essentially  the  same  under  static  conditions,  the  resistance 
factor  denoted  by  RF  is  always  the  same  as  the  load  factor,  LF.  Hence, 
the  more  general  form  of  Equation  (118)  may  be  give  as  follows; 

MF  X  +  (LF)  R(t)  -  LF  Q(t)  (121) 

where,  R(t)  is  the  time  dependent  resistance  function.  If  external 
damping  is  also  introduced  by  a  viscous  dashpot,  the  equation  of 
motion  for  the  equivalent  SDOF  will  have  the  following  form. 

M,  X  +  C  X  +  LF  R(t)  -  LF  Q(t)  (122) 

where,  C  is  the  external  damping  constant.  More  on  the  effect  of 
damping  on  stiructural  response  is  provided  in  Section  IIl-E-3. 

C.  EFFECT  OF  LOAD  DURATION  ON  STRUCTURAL  RESPONSE 

Since  this  study  is  concerned  specifically  with  the  dynamic 
response  of  structural  elements  to  impulsive  loading,  it  is  important 
to  study  how  the  duration  of  of  loading  may  affect  the  response  of  the 
element.  References  42,44,  and  46  provide  excellent  discussion  on  this 
subject  and  a  brief  review  is  provided  in  this  section. 

Consider  the  Impulse -momentum  relationship  for  the  s ingle -degree - 
of-freedom  system. 


M.  X(t)  -  (  Q,(t)  -  R(t)  )  dt  (123) 


where,  Tj^  -  duration  of  the  applied  load 

Q^(t)  -  equivalent  applied  dynamic  load 
X(t)  -  displacement  function 
M  '  -  equivalent  mass 

R(t)  -  equivalent  resistance 

It  can  be  observed  that  if  the  loading  duration  -is  short  compared  to 
the  natural  period  of  the  system,  there  is  not  enough  time  for  the 
resistance  force  to  develop  and  therefore,  the  mass  does  not  displace 
significantly.  In  that  case,  the  inertia  force  provides  the  primary 
resistance  mechanism  to  the  applied  load.  Hence,  if  Tj_  is  small 
relative  to  the  natural  period  of  the  structure,  the  magnitude  of  the 
second  term  in  the  Integrand  of  Equation  (123)  will  be  small  compared 
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to  the  first  term,  and  the  impulse -momentum  relationship  may  be 
expressed  by  the  following  approximate  equation. 

T 

X  (t)  -  1/M,  Q,(t)  dt)  (124) 

In  general,  the  error  in  using  Equation  (124)  is  negligible  if  the 
ratio  of  the  load  duration  to  the  natural  period  of  the  structure  is 
less  than  0.1,  as  Illustrated  and  discussed  in  Reference  46. 

Biggs  (Reference  42)  studied  the  Influence  of  loading  duration  on 
the  response  of  elasto-plastic  xmdamped  SDOF  systems.  The  results  of 
his  work  are  summarized  in  Figures  29  and  30  for  triangular  and 
rectangular  loads, respectively.  As  the  duration  of  the  pulse 
decreases,  the  ratio  of  maximum  displacement  to  the  elastic 
displacement,  i.e.  y„/y,]^,  becomes  smaller.  For  example,  for  an 
applied  force  that  may  be  as  large  as  2.5  times  the  ultimate  static 
resistance  load,  if  the  ratio  of  the  applied  triangular  pulse  to  the 
natural  period  of  the  system  is  0.2,  the  response  displacement  does 
not  even  exceed  the  elastic  displacement  value. 

Baker  et  al.  (Reference  46)  point  out  that  it  would  be 
unreasonable  to  generalize  and  employ  this  concept  in  the  dynamic 
analysis  of  large  structures  which  have  many  structural  and  non- 
structural  components.  This  is  because  the  individual  elements  of  the 
structure  have  their  own  natural  periods  of  vibration,  and  while  the 
duration  of  a  high- intensity  load,  such  as  a  blast,  may  be  small 
relative  to  the  natural  period  of  the  overall  structure,  it  may  not  be 
short  enough  when  compared  to  the  period  of  some  of  the  individual 
members.  In  that  case,  considerable  localized  damage  to  individual 
elements  may  occur,  while  the  entire  structure  may  remain  relatively 
unaffected.  This  is  why  it  is  Important  to  analyze  for  the  dynamic 
response  of  the  individual  structural  elements,  in  addition  to 
studying  the  overall  response  of  the  structure. 

D.  EFFECT  OF  STIFFNESS  COUPLING 

Any  structure  is  ideally  a  HDOF  dynamic  system  and  when  a  SDOF 
dynamic  analysis  of  an  individual  structural  element  is  required,  it 
is  often  important  to  be  aware  of  the  influence  of  stiffness  (elastic) 
coupling  between  the  structure  and  the  specific  loaded  member. 
Generally,  if  the  impulsive  load  is  applied  over  a  short  period  of 
time  relative  to  the  natural  periods  of  the  coupled  system,  the  effect 
of  stiffness  coupling  between  the  loaded  member  and  the  support 
stiructure  on  the  response  of  the  individual  member  is  not  expected  to 
be  significantly  important. 

Baker  et.  al.  (Reference  46)  employed  a  simple  example  for 
illustrating  the  effect  of  flexibility  of  the  support  structure  on  the 
response  of  the  loaded  element  by  comparing  the  maximiuB  response  of 
the  two  systems,  as  shown  in  Figure  31.  The  first  system  was  a  two- 
degree -of -freedom  dynamic  model  in  which  the  loaded  member  was 
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Figure  29.  Maximum  Displacement  of  Undamped  SDOF  Elasto 
Plastic  System  Subjected  to  Triangular  Pulse 
with  Zero  Rise  Time.  (Reference  42) 
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Figure  30l  Maximum  Displacement  of  Undamped  SDOF  Elasto- 
Plastic  System  Subjected  to  Rectangular  Pulse 
with  Zero  Rise  Time.  (Reference  42) 
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Effect  of  Support  Rigidity  on  Maximum 
Displacement.  (Reference  46) 
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supported  by  an  elastic  structure,  whereas  in  the  second  system  the 
loaded  element  was  connected  to  an  Infinitely  rigid  base.  The  analysis 
was  performed  for  two  different  loading  durations.  In  each  case  a 
short  triangular  pulse  was  applied  to  the  loaded  element  of  each 
system  as  shown  in  Figure  31.  The  results  Indicated  that  the  maximum 
relative  elastic  deformation  of  the  two  masses  in  the  coupled  system 
was  generally  less  than  the  maximum  elastic  deformation  of  the  second 
SDOF  system.  However,  as  the  stiffness  of  the  support  structure 
increased,  the  ratio  Tj/T^^  increased,  and  the  maximum  relative 
deformation  of  the  coupled  system  approached  the  maximum  displacement 
of  the  second  system.  Moreover,  it  was  observed  that  the  loading 
duration  did  not  have  much  Influence,  as  long  as  it  was  small  compared 
to  the  natural  period  of  the  systems. 

In  most  engineering  structures,  such  as  frames  and  buildings,  the 
ratio  Tj/Tj^  is  usually  greater  than  one,  thus, reducing  the  error  when 
a  SDOF  model  is  used  for  estimating  the  dynamic  response  of  an 
individual  element  subjected  to  short  impulsive  loads.  However,  It 
should  be  emphasized  that  such  generalization  does  not  hold  when  the 
period  ratio,  Tj/T^ ,  is  considerably  less  than  one,  or  when  the  entire 
structure  (as  opposed  to  one  element)  is  subjected  to  cyclic 
loadings . 

E.  NONLINEAR  SDOF  SYSTEMS  FOR  ANALYSIS  OF  RC  ELEMENTS 

1.  Introduction 

Dynamic  analysis  of  reinforced  concrete  structural  elements 
using  a  linear  SDOF  model  may  provide  adequate  results  for  loads  that 
cause  very  little  damage  to  the  structure.  At  higher  load  levels, 
particularly  beyond  the  elastic  range  of  response,  the  material 
properties  and  the  mechanism  of  structural  behavior  and  energy 
absorption  of  the  structural  member  no  longer  conform  with  the 
assumptions  of  the  linear  theory.  Thus,  the  linear  differential 
equation  of  motion  is  not  sufficient  for  describing  the  motion  of  the 
vibrating  element  and  a  nonlinear  dynamic  analysis  of  the  structural 
element  becomes  necessary. 

The  nonlinear  form  of  the  equivalent  SDOF  differential 
equation  of  motion  can  be  represented  as  follows: 

M  (x)  X  +  C  (x)  X  +  R(x)  -  Q(t)  (125) 

M(x) ,  C(x),  and  R(x)  are  nonlinear  functions  representing  mass, 
damping,  and  resistance  characteristic  of  the  system.  These  functions 
are  Independent  of  time.  Q(t)  is  the  arbitrary  time  dependent  loading 
function  which  is  independent  of  displacement,  velocity,  and 
acceleration  (Reference  43) . 

2.  NonLinear  Response  of  Structural  Components 

The  primary  sources  of  nonlinear  behavior  in  a  reinforced 
concrete  beam  are  the  following: 
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a.  Material  nonlinearity 

b.  Nonlinearity  of  support  conditions 

c.  Geometric  nonlinearity 

In  the  present  study  geometric  nonlinearities  (as  a  result  of  large 
deformations)  are  not  Included  in  the  analytical  scheme.  The  use  of 
the  small  deformation  theory  was  justified  in  Section  II,  and  later  in 
Section  IV  the  range  of  results  will  demonstrate  the  validity  of  this 
assumption.  However,  the  significant  features  of  nonlinearities 
associated  with  material  properties  and  boundary  conditions  are 
considered  in  the  dynamic  analysis. 

Nonlinearities  associated  with  the  inelastic  behavior  of 
materials  in  reinforced  concrete  affect  the  dynamic  response 
significantly.  In  SDOF  analysis,  it  is  required  to  provide  a  force- 
deformation  function  that  is  representative  of  the  flexural 
performance  of  the  structural  element  under  the  static  application  of 
the  load,  and  the  effect  of  important  sources  of  nonlinearity  in 
concrete  and  steel  must  be  rationally  considered  in  deriving  such 
function.  These  sources  can  be  summarized  as  follows: 

a.  Nonlinear  behavior  of  flexural  reinforcement  when  strained 
beyond  the  elastic  limit.  This  includes  the  range  of  behavior 
in  the  yield  plateau  and  in  the  strain  hardening  region. 

b.  Nonlinear  behavior  of  concrete.  The  stress -strain 
relationship  for  concrete  is  not  linear  and  thus,  a  nonlinear 
distribution  of  stress  must  be  considered  in  the  concrete 
compressive  zone  of  the  cross  section.  In  addition,  confining 
of  concrete  by  transverse  reinforcement  can  significantly 
affect  the  nonlinear  ductile  behavior  of  the  beam. 

c.  Nonlinear  failure  criteria  of  the  cross  section  in  flexure. 
The  failure  criteria  must  properly  define  the  plastic 
(ultimate)  moment  beyond  which  the  cross  section  can  not 
resist  additional  load,  and  can  only  rotate  if  sufficient 
ductility  is  provided. 

d.  Nonlinear  distribution  of  curvatures  along  the  span  of  the 
beam,  particularly  for  deformations  beyond  the  yielding  of 
the  reinforcement.  This  is  to  account  for  the  gradual 
spreading  of  plastic  hinges  as  a  result  of  the  concentration 
of  curvatures  in  the  vicinity  of  highly  stressed  (inelastic) 
regions.  Since  the  distribution  of  the  curvature  diagram  is 
not  linear,  it  will  no  longer  relate  directly  to  the  moment 
diagram.  Hence,  for  statically  indeterminate  beams,,  an 
iterative  step-by-step  numerical  procedure  is  required  for 
obtaining  the  resistance  function. 

e.  Nonlinear  damping  mechanisms  by  which  energy  is  dissipated  in 
the  dynamic  system  as  a  result  of  plastic  deformations.  A 
discussion  on  this  issue,  accompanied  by  a  modified  proposed 
model  is  given  in  Sections  III-E-3  and  III-F-2  herein. 
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f.  Nonlinear  Influence  of  loading  rate  on  the  material 

properties  of  steel  and  concrete.  This  topic  Is  discussed 
later  In  Section  III-G. 

In  addition  to  Including  these  nonllnearltles  In  the 
derivation  of  the  load-deflection  (resistance)  function,  It  Is  also 
necessary  to  consider  the  effect  of  nonlinear  deformations  on  the 
parameters  of  the  equivalent  SDOF  model.  These  parameters  depend 
directly  on  the  displacement  shape  function,  ^(x) .  The  material 
nonllnearltles  affect  this  function  at  every  load  step  and  thus,  the 
parameters  of  the  nonlinear  SDOF  system  must  be  modified  In  accordance 
with  the  updated  shape  function.  For  example,  the  equivalent  mass  of 
the  system,  as  computed  from  Equation  (113),  may  not  be  considered  as 
a  constant  parameter  In  nonlinear  analyses.  Moreover,  for  beams  with 
axial  compressive  load,  the  nonlinear  resistance  function  must  be 
continuously  modified  at  every  load  step  to  account  for  the  loss  of 
resistance  (Increased  deflection)  due  to  the  second  order  moments 
caused  by  the  axial  load.  The  procedure  employed  In  this  study  for 
such  modifications  Is  presented  In  Section  III-F-4. 

3.  Mechanisms  of  Energy  Dissipation 

Perhaps  the  most  distinguished  feature  of  Inelastic  dynamic 
response  Is  the  Irreversible  mechanism  by  which  energy  Is  removed  from 
the  dynamic  system.  In  a  realistic  dynamic  analysis  of  reinforced 
concrete  elements,  this  phenomenon  should  be  modeled  as  accurately  as 
possible;  l.e.,  representing  a  hysteretlc  process.  A  hysteresis  model 
Is  a  particular  case  of  structural  damping  In  which  the  dissipated 
energy  Is  assumed  to  be  Independent  of  frequency  of  vibration.  The 
amount  of  absorbed  energy  Is  primarily  a  function  of  the  extent  of 
Inelastic  displacement  history  of  the  structural  element.  Although  a 
precise  theory  on  the  hysteretlc  characteristics  of  reinforced 
concrete  Is  not  available,  numerous  experimental  Investigations, 
particularly  In  the  field  of  earthquake  engineering,  have  provided 
valuable  Insight  Into  the  Inelastic  response  of  RC  elements  tinder 
repeated  loading  and  unloading  conditions.  In  order  to  justify  the 
development  of  the  proposed  model  In  Section  III-F-2,  a  brief  review 
of  the  subject  Is  provided  next. 

Reference  47  summarizes  hysteretlc  responses  of  reinforced 
concrete  beams  and  beam-columns.  Typical  hysteretlc  moment -rotation 
models  are  shown  In  Figure  32.  Model  A  Is  a  hysteresis  curve  commonly 
used  for  elements  made  of  structural  steel,  while  Model  B,  originally 
developed  for  reinforced  concrete  members,  consists  of  a  bilinear 
skeleton  curve  and  it  accounts  for  the  loss  of  stiffness  upon 
reloading. 

A  typical  hysteresis  curve  for  a  cantilever  reinforced  concrete 
beam  with  a  symmetric  cross  section  and  subjected  to  a  concentrated 
load  Is  shown  in  Figure  33 -a.  The  loading  history  of  the  element  Is 
depicted  In  Figure  33-b.  Even  though  the  cross  section  may  be  slightly 
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Figure  32.  Idealized  Hysteretic  Models  for  Ductile 
Material.  (Reference  47) 
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cracked,  the  force -displacement  relationship  is  nearly  linear  from  A 
to  C  (Figure  33-c).  As  the  load  is  Increased  beyond  the  yield  point  C, 
the  beam  responds  inelastlcally  and  a  plastic  hinge  begins  to  develop 
near  the  fixed  support.  The  behavior  of  the  beam  in  region  CD  is 
marked  by  spalling  of  the  concrete  cover  at  the  extreme  compression 
fiber  near  the  support,  extensive  cracking,  and  further  yielding  of 
the  tensile  reinforcement  (Figure  33-d).  If  the  direction  of  loading 
is  reversed  at  point  D,  the  beam  begins  to  vinload  almost  elastically 
to  a  plastic  deformation  at  point  E.  If  more  load  is  applied  in  the 
reverse  direction,  flexural  cracks  in  the  opposite  direction  will  be 
formed  (point  F) ,  and  the  hysteresis  curve  will  proceed  to  point  G. 

The  slope  of  the  curve  between  points  F  and  G  depends  on  the  amount  of 
reinforcement,  stress -strain  properties  of  steel,  and  the  extent  of 
crack  closure  in  the  compression  zone.  If  cracks  do  not  close,  the 
entire  compression  force  must  be  carried  by  the  reinforcement.  Due  to 
the  Bauschinger  effect,  the  compression  steel  yields  at  a  lower  stress 
that  the  initial  yield  stress.  At  point  G,  almost  all  cracks  are 
expected  to  close  in  the  compression  zone.  Point  G  can  be  thought  of 
as  the  image  of  point  D  in  the  opposite  displacement  direction  and 
hence,  reloading  from  G  to  H  is  similar  to  unloading  from  D  to  E. 

The  second  loading  cycle  begins  at  point  H,  the  cracks  begin  to 
close  in  the  original  compression  side,  but  since  the  reinforcement 
was  already  strained  beyond  yield,  the  Bauschinger  effect  would 
considerably  reduce  the  slope  of  the  curve  beyond  this  point. 

Reference  2  also  points  out  that  the  formation  of  flexural  cracks  in 
both  directions  eventually  would  result  in  a  fully  cracked  section  and 
consequently,  a  drastic  reduction  in  the  flexural  resistance.  In 
addition,  the  loss  of  bond  between  steel  and  concrete  and  the  presence 
of  high  shear  distortions  at  the  critical  section  contribute  to 
further  reduction  of  resistance  under  repeated  loading. 

Analytical  models  are  available  that  reflect  the  effect  of 
stiffness  degradation  on  the  hysteretic  response  of  reinforced  beams. 
Figure  34-a  shows  the  Ramberg-Osgood  model  in  which  the  skeleton  curve 
is  primarily  constructed  in  accordance  with  the  Bauschinger 
phenomenon.  Figure  34-b  shows  Clough's  elasto-plastic  degrading 
stiffness  hysteresis  relationship  in  which  the  loss  of  stiffness  in 
modeled  by  a  reduction  in  the  slopes  of  the  reloading  and  unloading 
line  segment.  Figure  35  depicts  another  idealized  stiffness  degraded 
model  discussed  by  Sozen  (Reference  47) ,  where  the  slope  of  the 
unloading  portion,  k^ ,  is  related  to  the  initial  slope,  k^ ,  by  the 
following  relationship; 

K-  &  K  (126) 

where,  fi  is  the  displacement  ductility  factor  at  the  unloading  point 
and  A  is  a  material  dependent  coefficient  taken  as  0.5.  In  this  model, 
the  slope  of  reloading  for  each  cycle  is  obtained  by  connecting  a 
straight  line  between  the  point  of  plastic  deformation  on  the 
displacement  axis  and  the  point  of  maximum  deformation  in  the  reverse 
direction.  ' 
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Figure  35.  Idealized  Hysteresis  Loops  for  Reinforced 
Concrete  Members.  (Reference  47) 
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To  obtain  a  more  realistic  view  of  hysteresis  problem  In 
reinforced  concrete  elements,  one  must  also  pay  close  attention  to  the 
experimental  observations.  Figure  36  shows  a  typical  hysteresis  load- 
deformation  ctirve  for  a  simply  supported,  moderately  reinforced 
concrete  beam  with  a  symmetric  cross  section.  The  beam  was  loaded 
statically  for  a  small  number  of  cycles  by  a  concentrated  force  at  its 
midspan.  The  behavior  during  cycles  a,b,  and  c  is  nearly  elastic. 
Cycles  d  and  e  clearly  reflect  the  Influence  of  cracking'  and  the 
Bauschlnger  effect  on  the  response.  Figure  37  demonstrates  the 
hysteretic  response  of  a  reinforced  concrete  beam-column  Joint  at  the 
face  of  the  column.  In  this  experiment,  the  cross  section  of  the  beam 
and  the  column  were  both  symmetric  and  well  confined.  The  presence  of 
high  shear  stresses  and  the  slippage  of  the  tensile  reinforcement  In 
the  connection  core  contributed  to  the  deterioration  of  the  assembly 
under  repeated  loading  cycles.  The  corresponding  joint  moment-end 
deflection  curve  is  shown  In  Figure  37-b.  Additional  Information  on 
the  hysteretic  response  of  RC  connection  can  be  found  In  References 
48-52. 


F.  PROPOSED  MODIFIED  SDOF  MODEL  FOR  ANALYSIS  OF  RC  ELEMENTS 

1 .  Introduction 

In  Section  II  assumptions  and  the  procedure  for  deriving  the 
moment -curvature  diagram  and  the  load- deflection  relationship  for  a 
rectangular  reinforced  concrete  beam  were  discussed.  Formulation  of 
the  moment -curvature  diagram  included  the  nonlinearities  associated 
with  the  behavior  of  confined  and  unconfined  concrete  in  the 
compression  zone.  Inelastic  behavior  of  the  longitudinal  steel,  and 
failure  criteria  for  the  cross  section.  The  procedure  for  obtaining 
the  numerical  load-deflection  function  from  the  moment -curvature 
diagram  was  also  described  In  Section  II .  The  numerical  model  Included 
the  possibility  of  translational  and  rotational  end  conditions,  as 
well  as  systematic  formulation  for  the  nonlinear  distribution  of 
plastic  curvatures  along  the  span  of  the  beam.  In  this  section  the 
nonlinear  load-deflection  relationship  serves  as  the  skeleton  curve, 
used  to  calculate  dynamic  resistance  functions  and  other  parameters  of 
the  equivalent  SDOF  system. 

2.  Dynamic  Resistance  Function 

The  proposed  resistance-displacement  model  shown  In  Figure  38 
Is  similar  to  models  discussed  earlier  in  Section  III-E-3  by  Clough 
(Figure  34-b)  and  Sozen  (Figure  35) .  Assuming  that  the  cross  section 
of  the  beam  is  symmetrically  reinforced,  the  skeleton  curve  OAC  in 
Figure  38  is  the  numerical  load-deflection  function.  Unlike  the 
bilinear  models  proposed  by  Clough  (Reference  53)  and  Sozen  (Reference 
47),  the  present  nonlinear  function  is  actually  a  piecewise 
multilinear  curve  and  It  includes  all  material  and  support 
nonllnearltles  mentioned  earlier  in  Section  III-E.  Since  a  specific 
closed  form  mathematical  expression  Is  not  available,  theoretical 
evaluation  of  the  structural  response  are  not  considered  and  all 
computations  are  performed  numerically. 
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Figure  37.  Experimental  Observation  on  the  Hysteretic 
Response  of  Reinforced  Concrete  Members 

(a)  Moment -Curvature  for  Plastic  Hinge 

(b)  Moment -Deflection. 

(Reference  2) 
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The  proposed  dynamic  resistance  function  is  described  next  by 
using  a  typical  displacement  response  diagram. 

a.  Elastic  Response 

If  the  maximum  dynamic  displacement  does  not  exceed  the  yield 
displacement,  i.e.  <  A^,  the  behavior  of  the  beam  is  elastic  and 

oscillation  will  occur  about  the  zero  displacement  position  (Figure 
39-a)  or  between  points  A  and  A'  on  the  resistance -displacement 
diagram  (Figure  38).  The  beam  eventually  comes  to  rest  after  all 
energy  has  been  dissipated  by  external  damping. 

b.  Inelastic  Response 

If  the  maximum  dynamic  displacement  exceeds  the  yield 
displacement,  the  beam  experiences  unrecoverable  inelastic 
deformation.  In  that  case,  the  beam  will  come  to  rest  with  a  residual 
displacement,  after  all  energy  is  dissipated  by  the  internal 
hysteretic  damping  mechanism  as  well  as  the  external  damping. 

Referring  to  Figures  38  and  39 -b,  the  following  steps  describe  the 
proposed  hysteretic  behavior  and  the  inelastic  dynamic  response  of  the 
beam; 

(1)  Upon  initial  loading,  the  maximum  dynamic  deflection 
increases  along  the  resistance-displacement  (R-A)  curve, 
exceeds  the  yield  displacement,  and  reaches  a  maximum 
deflection  at  point  B  shown  in  Figures  38  and  39 -b. 

(2)  At  point  B  the  displacement  begins  to  decrease  and  positive 
unloading  of  the  beam  is  assumed  to  occur  along  a  straight 
line  BD  in  Figure  38. 

(3)  Once  point  D  is  reached,  negative  unloading  follows  along 
line  DB' .  The  slope  of  the  negative  unlo^.ding  segment  is  the 
same  as  that  proposed  by  Sozen  (Reference  A7);  i.e.,  to 
choose  point  B'  to  be  the  mirror  image  of  point  B  on  the 
negative  R-A  diagram.  Negative  unloading  continues  until  the 
poi>.t  of  minimum  displacement  E  in  Figures  38  and  39 -b  is 
reached. 

(4)  After  point  E,  displacement  begins  to  increase  and  negative 
reloading  occurs  along  path  EF  for  the  first  time. 
Experimental  findings  (Section  III-E-3)  show  that  the  slope 
of  the  reloading  line  is  best  represented  by  a  straight  line 
until  the  initiation  of  positive  unloading  marks  the  end  of 
the  first  complete  hysteretic  cycle. 

(5)  The  formation  of  the  flexural  cracks  in  both  positive  and 
negative  directions  in  conjunction  with  the  Bauschlnger 
effect  reduce  the  strength  (stiffness)  of  the  section  Clough 
(Reference  53)  and  Sozen  (Reference  47)  acknowledged  this 
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Figure  3ft  Proposed  Modified  Resistance-Dlsplacenent 
Model. 
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fact  and  proposed  models  that  account  for  stiffness 
degradation  within  the  hysteretic  model.  Here,  the  slope  of 
the  reloading  line  segment,  FG,  is  taken  the  same  as  that 
proposed  by  Sozen  (Reference  47)  i.e.,  along  a  line  between 
points  F  and  B  by  in  Figure  38, 

(6)  If  the  new  maximum  deflection  does  not  exceed  the  maximum 
value  of  the  previous  cycle,  unloading  is  assumed  to  follow 
along  a  straight  line  from  G  to  D'. 

(7)  The  process  of  reloading  and  unloading  cycles  continues 

until  the  beam  eventually  comes  to  rest  with  a  residual 
deflection  denoted  by  in  Figure  39 -b. 

The  following  should  be  noted  about  the  proposed  model: 

a.  Point  C  in  Figure  38  represents  the  flexural  failure  of  the 
beam.  If  the  deflection  at  any  time  exceeds  the  value  of  the 
deflection  at  point  C,  failure  is  assumed  and  the 
computational  process  is  stopped. 

b.  The  model  shown  in  Figure  38  is  constructed  for  a  beam  with  a 
cross  section  that  is  symmetrically  reinforced.  For  beams 
with  unsymmetrical  cross  sections  two  resistance-displacement 
curves  must  be  provided;  one  for  the  positive  loading  and  one 
for  the  negative  loading. 

c.  The  above  discussion  it  was  assumed  also  that  the  maximum 
displacement  would  be  reached  during  the  first  positive 
loading  cycle.  Such  an  assumption  would  often  be  valid  for 
blast  and  impact  loads  but  not  necessarily  for  earthquake  and 
other  types  of  dynamic  loads.  If  the  nature  of  loading  was 
such  that  the  maximum  deflection  exceeded  the  value  at  point 
B  or  point  B'  in  Figure  38,  the  displacement  should  continue 
to  increase  on  the  skeleton  curve (s)  until  either  failure  or 
rebounding  would  occur. 

In  discussing  the  effects  of  energy  dissipation.  Baker  et 
al.  (Reference  46)  provide  the  following  reasons  for  ignoring  external 
damping  in  the  analysis  of  structures  to  resist  blast  loads: 

a.  The  amount  of  external  damping  is  very  small  compared  with 
internal  (material)  damping. 

b.  Only  the  first  cycle  of  response  is  usually  of  interest  and 
the  effect  of  external  damping  on  the  response  in  the  first 
cycle  is  negligible. 

c.  There  are  considerable  uncertainties  in  estimating  the 
external  damping  factors.  By  ignoring  damping,  results  are 
always  more  conservative. 

Nevertheless,  the  presence  of  external  damping  has  been 
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included  by  employing  a  linear  viscous  dashpot,  for  which  the  value  of 
the  damping  ratio  must  be  known. 


3.  A  Modified  Method  to  Evaluate  the  Parameters  of  Equivalent 
SDOF  Model 

This  study  proposes  to  perform  the  dynamic  analysis  by 
employing  a  SDOF  approximation  for  the  reinforced  concrete  structural 
element.  The  results  obtained  from  a  number  of  studies  (References 
54,55,56,  and  57)  show  that  this  technique  is  a  simple  and  relatively 
accurate  tool  for  evaluation  of  the  structural  response,  if  proper 
behavioral  models  are  assumed.  Thus,  special  attention  must  be  devoted 
to  the  derivation  of  the  parameters  of  the  SDOF  model.  The  accuracy  of 
the  results  is  extremely  sensitive  to  the  formulation  and  employment 
of  these  parameters. 

In  Section  III-B  the  procedure  for  computing  the  equivalent 
mass  and  load  was  discussed.  Evaluation  of  the  integral  in  Equation 
(113)  would  result  in  an  equivalent  mass  for  the  dynamic  system,  from 
which  the  mass  factor  as  given  by  Equation  (113)  could  be  computed. 
Also,  the  concept  of  Equivalent  Load  applied  to  the  SDOF  system  was 
expressed  mathematically  by  Equation  (117).  This  was  presented  by 
Biggs  (Reference  42)  for  a  number  of  cases  by  assuming  an  analytical 
expression  for  the  shape  function  i^(x) .  Those  few  cases  were  limited 
to  perfectly  elastic  or  perfectly  plastic  beams  with  ideal  boundary 
conditions  (e.g.,  fixed,  hinged)  and  always  loaded  at  the  mid-span  by 
a  concentrated  force.  Moreover,  there  was  no  attempt  to  compute  the 
mass  and  the  load  factors  for  the  transition  period,  when  the  behavior 
changes  from  elastic  to  plastic.  The  present  numerical  method,  as 
presented  next,  removes  these  restrictions  so  that  a  complete  array  of 
mass  and  load  factors  can  be  computed  for  a  reinforced  concrete  beam 
with  arbitrary  linear  or  nonlinear  boundary  conditions  from  the 
Initiation  of  loading  to  failure. 

a.  Mass  Factor 

In  Section  II  the  shape  function  i&(x)  which  satisfied  the 
geometric  support  conditions  was  obtained  in  a  numerical  form  for 
every  incremental  load  level  from  the  onset  of  loading  to  the  ultimate 
condition.  Therefore,  the  mass  factor  at  every  load  step  1  could  be 
computed  by  numerical  integration  over  the  length  of  the  beam  of  the 
right  hand  side  of  the  following  expression 

L 

MF^  -  (  f  (^(x)i)*  dx  )  /M^  (127) 

Where,  MF^  is  the  mass  factor  at  load  step  1,  ^(x)  is  the  deflected 
shape  function  of  the  beam  at  load  step  1,  m^  is  the  mass  of  the  beam 
per  unit  length,  M^  is  the  total  mass  of  the  beam,  and  L  is  the  length 
of  the  beam. 

-During  the  dynamic  analysis,  the  mass  factor,  MF,  is  computed  for 
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the  specific  displacement  at  every  time  step  by  the  following  linear 
interpolation  equation; 


MF  -  MF^ 


MF 


+  I- 


i  +  i 


*i  +  i 


(A  -  A^) 


(128) 


where,  <  A  ^  ^i  +  i 


Equation  (128)  is  employed  at  every  time  step  until  rebovinding  from 
the  maximum  Inelastic  dynamic  displacement  (point  B  in  Figure  38) 
takes  place.  After  that  time,  the  mass  factor  is  kept  constant  and 
equal  to  its  value  computed  at  point  B,  since  it  is  assumed  that  the 
inelastic  deformed  shape  function  does  not  change  considerably  after 
the  formation  of  plastic  hinges. 

The  effects  of  the  arbitrary  nature  of  end  conditions  and  the 
location  of  the  load  on  the  span  of  the  beam  have  been  incorporated  in 
the  development  of  the  deflected  shape  function,  as  discussed  in 
Section  II.  Thus,  the  present  approach  removes  all  limitations 
mentioned  earlier  in  this  section.  In  addition,  the  analysis  is  no 
longer  restricted  to  perfectly  elastic  or  perfectly  plastic  beams, 
since  it  is  possible  to  compute  the  mass  factor  for  every  displacement 
during  the  transition  from  elastic  to  plastic. 

b.  Load  Factor 

The  computation  of  a  load  factor  follows  the  same  approach  used 
for  the  mass  factor.  In  the  development  of  the  load-deflection  diagram 
the  load  factor  at  any  load  step  i  is  computed  according  to  the 
following  expression 

-♦<=')  <l.i>  U29) 

where,  LF^  is  the  load  factor  at  load  step  1  and  ^(x).^  is  the  shape 
function  at  step  1  evaluated  at  point  J  on  the  span.  For  example,  the 
magnitude  of  load  factor  for  a  beam  with  symmetric  boundai^  conditions 
and  loaded  at  the  • midspan  by  a  concentrated  force  is  always  unity, 
because  maximum  deflection  always  occurs  at  the  point  of  load 
application.' 

Similar  to  the  development  of  the  mass  factor,  the  array  of  load 
factors  contains  values  at  every  load  step  i,  from  the  initiation  of 
loading  to  the  ultimate  condition.  During  the  dynamic  analysis,  the 
load  factor  at  every  time  step  may  be  computed  by  a  linear 
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interpolation  in  the  following  manner; 


LF 


LF 


LF,  +  [- 


i  +  l 


'i  +  1 


-  LFi 

- ]  (A  -  A,) 

-  A, 


(130) 


where,  A,  <  A  <  A,^,. 


It  is  important  to  realize  that  so  long  as  the  end  conditions  are  not 
different  and  the  load  is  applied  at  the  center  of  the  span,  the 
magnitude  of  the  load  factor  does  not  deviate  from  unity. 

4.  Influence  of  Axial  Compressive  Force 

The  effect  of  an  axial  compressive  force  on  the  moment- 
curvature  and  load-deflection  behavior  was  discussed  in  Section  II. 
From  the  equilibrium  of  the  cross  section,  the  difference  between  the 
net  compressive  and  tensile  forces  is  the  axial  thrust.  In  addition, 
due  to  considerable  lateral  deflection  of  the  beam  at  advanced  loading 
stages,  the  presence  of  the  axial  compressive  force  introduces  an 
additional  secondary  external  moment  (P-A  effect)  into  the  beam  which 
would  result  in  additional  curvature  and  deflection.  In  the  present 
approach,  a  closed  form  evaluation  of  the  second  order  effects  is  not 
considered  because: 

a.  Numerical  models  were  employed  to  model  material 
nonlinearities  in  reinforced  concrete  and  thus,  unique  load- 
dependent  closed  form  solutions  for  the  variation  of  El, 

^(x) ,  and  derivatives  of  \&(x)  with  x  are  not  available. 

b.  The  possibility  of  including  arbitrary  linear  and  nonlinear 
support  conditions  were  considered  by  employing  numerical 
models  and  therefore,  the  shape  function  i^(x)  can  not  be 
presented  in  closed  form. 

Instead,  it  was  decided  to  modify  the  nonlinear  resistance -deflection 
relationship  (R-A  curve)  to  include  the  effect  of  axial  load,  as 
described  next. 


In  Section  II  a  deflection  function  A(x)  which  satisfied  the  the 
geometric  boundary  conditions  was  computed  numerically  for  every 
incremental  load  step.  Therefore,  the  second  order  moment  denoted  by 
M'  can  be  evaluated  numerically  at  every  load  step  i  for  every  point  j 
on  the  span  of  the  beam  by  the  following  expression; 


(1  ,  J  )  “  ^{t- 


1.  J ) 


(131) 


where,  P^xiai  1^  axial  compressive  force,  i  is  the  load  step,  and 
J  is  the  arbitrary  point  on  the  span  of  the  beam.  The  second  order 
moment,  M' ,  is  subsequently  added  to  the  first  order  moment  to  obtain 
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the  modified  moment  diagram  which  Includes  the  effect  of  axial 
compressive  load. 


M 


<i.  J) 


-  M 


(i.  J) 


M' 


(i.J) 


(132) 


where,  is  the  moment  representing  the  combined  effect  of 

transverse  and  axial  load  at  point  j  in  step  1.  The  modified  moment 
diagram  is  subsequently  used  in  conjunction  with  the  moment -curvature 
relationship  to  compute  the  maximum  deflection  at  step  1.  The  modified 
R-A  curve  obtained  from  the  procedure  mentioned  above  is  subsequently 
employed  in  the  dynamic  analysis. 


G.  EFFECT  OF  LOADING  RATE  ON  STRENGTH 


This  study  is  particularly  concerned  with  the  response  of 
reinforced  concrete  structures  subjected  to  high  loading  rates  such  as 
impact  and  blast.  Under  these  conditions,  the  strength  and  modulus  of 
elasticity  of  concrete  and  steel  increase  significantly.  Many 
experimental  investigations  were  conducted  in  the  past  to  demonstrate 
the  influence  of  rate  of  strain  on  material  properties.  Consequently, 
empirical  relationships  were  developed  to  model  this  phenomenon  as 
accurately  as  possible.  Inclusion  of  this  concept  into  the  proposed 
dynamic  model  is  discussed  in  Section  lII-G-1. 

In  an  original  experimental  study,  Watstein  (Reference  58) 
Investigated  the  behavior  of  plain  concrete  cylinders  subjected  to 
rates  of  straining  ranging  from  10'®  /Sec.  to  10.  /Sec.  with  the 
corresponding  duration  of  tests  ranging  from  30.  to  0.003  seconds. 
Under  the  highest  rate  of  loading,  the  compressive  strength  of 
concrete  increased  by  as  much  as  85  percent,  and  the  secant  modulus 
increased  by  47  percent  for  weak  concrete  (2500  psi)  and  33  percent 
for  strong  concrete  (6500  psi) .  Bazant  and  Byong  (Reference  59) 
extended  the  data  base  by  combining  the  results  from  several  studies 
(including  Watstein’ s)  to  obtain  empirical  relationships  between 
strength  and  strain  rate  for  plain  concrete.  A  summary  of  these 
results  are  shown  in  Figure  40.  The  effect  of  strain  rate  on  a  typical 
constitutive  model  for  plain  concrete  is  shown  in  Figure  40-a.  Figure 
40 -b  shows  that  the  rate  effect  does  not  have  much  Influence  on  the 
strain  of  concrete  at  peak  stress.  Figures  40-c  and  40-d  depict  the 
Influence  of  strain  rate  on  compressive  strength  and  secant  modulus 
respectively. 

Soroushian  et  al.  (Reference  60)  conducted  a  similar  study  in 
which  empirical  constitutive  models  for  plain  and  confined  concrete 
were  proposed  based  on  extensive  experimental  studies  by  other 
investigators.  In  that  study,  it  was  found  that  the  influence  of 
loading  rate  is  more  pronounced  for  wet  concrete  than  it  is  for  dry 
concrete.  Moreover,  the  trend  of  data  showed  that  the  strain  of 
concrete  at  maximum  stress  decreased  for  strain  rates  smaller  than 
0.01  /Sec  and  increased  at  higher  strain  rates  (Figure  41-a).  Figures 
40-b,  40-c,  and  40-d  show  the  strain  rate  effect  on  compressive 
strength,  secant  modulus  and  tangent  modulus  of  concrete  as  reported 
in  Reference  60. 
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Figure  40.  Effect  of  Strain  Rate  on  Properties  of  Plain 
Concrete;  (a)  Constitutive  Model, 

(b)  Strain  at  Peak  Stress 

(c)  Maximuo  Compressive  Strength 

(d)  Secant  Modulus  of  Elasticity, 
(Reference  59) 
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Figure  41.  Strain  Rate  Effect  on:  (a)  Concrete  Strain  at 
Kaximum  Compressive  Stress,  (b)  Maximum 
Compressive  Strength,  (c)  Secant  Modulus  of 
Elasticity,  (d)  Tangent  Modulus  of  Elasticity. 
(Reference  60) 
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Figure  41.  Strain  Rate  Effect  on:  (a)  Concrete  Strain  at 
Maximum  Compressive  Stress,  (b)  Maximum 
Compressive  Strength,'  (c)  Secant  Modulus  of 
Elasticity,  (d)  Tangent  Modulus  of  Elasticity. 
(Reference  60) 

(concluded) 
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Soroushian  and  Choi  (Reference  61)  studied  the  strain  rate 
effects  on  material  properties  of  structural  steel.  In  that  study, 
extensive  experimental  data  from  past  investigations  were  combined  to 
obtain  empirical  relationships  for  predicting  the  strain  rate  effects 
on  yield  strength  and  ultimate  strength  of  steel  (Figure  42).  It  was 
concluded  that  increasing  the  rate  of  straining  would  increase  all  the 
characteristic  stress  and  strain  values  on  the  constitutive  model. 

But,  material  properties  of  steel  with  high-yield  stress  demonstrated 
less  sensitivity  to  high  strain  rates. 

A  number  of  other  experimental  and  analytical  investigations 
focused  on  predicting  the  overall  enhancement  in  the  strength  of 
reinforced  concrete  structural  elements  subjected  to  dynamic  loads 
applied  at  high  rates.  In  design  for  protective  structures,  Newmark 
(Reference  62)  recommended  to  increase  the  yield  strength  of  steel  by 
30  percent  and  to  increase  the  compressive  strength  of  concrete  by  25 
percent.  Criswell  (Reference  63)  found  that  the  strength  of  reinforced 
concrete  specimens  would  Increase  by  18  percent  in  flexure  and  26 
percent  in  shear  under  dynamic  loads.  Furlong  et.  al  (Reference  64) 
observed  an  Increase  of  30  percent  in  flexural  strength  and  an  average 
increase  of  37  percent  in  shear  strength  in  beams  subjected  to  Impact 
loads.  Similarly,  Seabold  (Reference  65)  found  20  percent  to  30 
percent  improvement  in  strength  of  reinforced  concrete  beams  under 
dynamic  conditions. 

Soroushian  and  Obaseki  (Reference  66)  employed  strain  rate 
dependent  constitutive  models  for  concrete  and  steel  to  predict 
analytically  the  rtrength  of  reinforced  concrete  beams 'columns 
subjected  to  different  strain  rates.  The  results  of  the  computational 
effort  in  Reference  66  indicated  that  closer  placement  of  the 
longitudinal  steel  to  extreme  fibers  of  the  cross  section  and 
confinement  of  concrete  Increased  the  strain  rate  effects. 

Furthermore,  it  was  reported  that  increasing  the  strain  rate  from 
0.000005  /Sec.  to  0.05  /Sec.  caused  an  average  increase  of  25  percent 
on  the  axial -flexural  strength  of  the  member.  However,  it  was  noted 
that  the  influence  of  strain  rate  would  not  necessarily  induce  the 
same  effect  on  the  shear  strength  of  beams.  In  addition,  variations  of 
the  strain  rate  in  different  sections  of  the  structural  element  could 
result  in  unforeseen  and  perhaps  undesirable  redistribution  of 
stresses  within  the  element. 

1.  Impl'ementation  of  the  Rate  Effect  into  the  Analytical 

Procedure 

Since  the  response  of  a  structural  element  depends  on  the 
dynamic  excitation,  the  strain  rate  is  a  time  dependent  parameter. 
Therefore,  empirical  constitutive  models  developed  from  constant 
strain  rate  test  results  should  only  be  used  for  the  average  rate  of 
straining  the  material  (see  Reference  67).  In  addition,  review  of  the 
existing  state  of  knowledge  on  this  subject,  as  presented  in  the 
previous  section,  reveals  considerable  variabilities  in  the 
experimental  data.  This  is  particularly  true  for  structural  elements 
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(b) 


Figure  42.  Strain  Rate  Effect  on  Haterial  Properties  of 
Steeh:  (a)  Constitutive  Model,  (b)  Yield 
Strength,  (c)  Ultimate  Strength. 

(Reference  61) 
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(c) 


Figure  42.  Strain  Rate  Effect  on  Material  Properties  of 
Steel:  (a)  Constitutive  Model,  (b)  Yield 

Strength,  (c)  Ultimate  Strength. 

(Reference  61) 


(concluded^ 


subjected  to  blast  and  impact  loads,  since  the  average  rate  of 
straining  or  loading  often  exceeds  the  range  of  the  available 
experimental  data.  Such  being  the  case,  direct  employment  of  the 
constitutive  models  described  in  the  previous  section  can  not  be 
justified. 

This  study  proposs  modification  of  strength  properties  of  steel 
and  concrete  by  applying  the  average  rate  effect  enhancement  factor  to 
the  stress  parameters  of  the  material  models.  Such  modification  are 
introduced  as  follows. 


(133-a) 

(133-b) 

(133-c) 


where, and  are  the  average  material  enhancement  factors 
for  yield  strength  of  steel,  ultimate  strength  of  steel,  and 
compressive  strength  of  concrete  respectively,  f^^  ,  f^^^,  and  f',^  are 
the  modified  yield  strength,  modified  ultimate  strength,  and  modified 
compressive  strength  of  concrete.  The  modified  values  are  subsequently 
utilized  to  compute  the  moment -curvature  and  resistance -displacement 
relationships  using  the  procedures  mentioned  earlier  in  Section  II. 

The  modified  R-A  curve  is  then  employed  in  the  dynamic  analysis. 


Good  engineering  judgment  must  be  exercised  in  selecting 
appropriate  values  for  the  enhancement  factors.  If  the  average  rate  of 
straining  is  not  very  high,  Figures  41  and  42  may  serve  as  guidelines 
in  predicting  the  enhancement  factors  for  f^,  f^,,  and  f'^..  For  very 
high  rates  of  loading  (e.g.,  blast),  enhancement  of  material 
properties  is  estimated  to  be  often  between  0.2  and  0.4  (References 
62-66). 


H.  ANALYTICAL  MODEL  FOR  DIRECT  SHEAR  RESISTANCE  MECHANISM  IN 
REINFORCED  CONCRETE  ELEMENTS 


1.  Analytical  Methodology 

So  far,  the  dynamic  SDOF  analysis  has  been  only  based  on  the 
flexural  resistance  of  the  element  and  it  has  been  assumed  that  the 
element  would  not  fall  in  direct  shear.  Experimental  observations  on 
the  dynamic  response  of  shallow-buried  reinforced  concrete  box- type 
structures  to  blast  loading  (as  reported  in  References  67,68,  and  69), 
indicated  that  in  many  Instances  the  structure  failed  in  shear  at 
critical  locations  (e.g.,  supports)  at  an  early  time.  The  shear 
failure  surface  observed  in  the  experiments  (see  References  68  and  69) 
looked  quite  similar  to  the  interface  shear  failure  along  the  vertical 
shear  plane.  This  type  of  failure  is  commonly  referred  to  as  the 
direct  shear  failure  and  is  characterized  by  sliding  or  large 
displacements  along  the  interface  shear  plane.  A  review  of  the  current 
state  of  knowledge  on  the  dynamic  shear  resistance  of  one  way  slabs  as 
reported  in  References  67-70  indicated  that  if  the  dynamic  shear 
resistance  was  not  included  in  the  analytic  formulation,  and  if  the 
dynamic  analysis  was  performed  only  for  evaluation  of  the  flexural 
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response,  it  would  be  possible  to  grossly  overestimate  the  strength  of 
the  member.  The  possibility  of  an  interface  shear  or  direct  shear 
failure  of  the  element  could  control  the  failure  mechanism  and 
therefore,  should  be  included  in  the  overall  analytical  scheme,  as 
presented  next. 

The  analytic  approach  adapted  here  is  very  similar  to  the  model 
proposed  by  Krauthammer  et.  al  (Reference  56)  and  used  successfully 
for  the  analysis  of  burled  reinforced  concrete  box-type  structures.  In 
this  method,  two  single-degree-of-freedom  systems  are  considered  for 
the  overall  response  of  the  element  to  the  impulsive  excitation.  The 
first  is  for  the  evaluation  of  the  flexural  response  (discussed 
earlier  in  this  section)  and  the  second  is  for  monitoring  the  direct 
shear  response  at  critical  locations  on  the  span  of  the  beam  (e.g.,  at 
the  supports  or  under  the  concentrated  load) .  The  procedure  for 
deriving  the  parameters  of  the  second  (shear)  SDOF  system  are 
presented  in  Sections  III-H-2  through  IIl-H-4.  For  each  time  step,  the 
flexural  and  shearing  responses  are  computed  and  compared  to  their 
respective  failure  criterion.  If  the  flexural  dynamic  displacement 
exceeds  the  maximum  displacement  on  rhe  resistance  function,  a 
flexural  failure  is  assumed  to  have  occurred.  Similarly,  if  the  shear 
slip  at  the  selected  critical  location  exceeds  the  ultimate 
permissible  shear  displacement  (Section  III-H-2),  a  shear  failure  is 
assumed  and  the  computational  procedure  is  halted.  So,  the  present 
highly  nonlinear  dynamic  problem  has  been  approximated  by  two 
uncoupled  simpler  piecewise-linear  problems,  each  represented  by  a 
separate  nonlinear  SDOF  system. 

Experimental  observations  as  reported  in  References  68  and  69 
indicated  that  the  response  of  box- type  buried  reinforced  concrete 
structures  subjected  to  blast  loads  was  controlled  by  either  a  direct 
shear  failure  mode  at  the  end  supports  which  occurred  very  early  in 
time ,  or  by  a  flexural  mode  where  the  roof  slabs  experienced  permanent 
inelastic  deformations.  From  the  experimental  observations,  it  was 
apparent  that  if  the  structure  happened  to  fail  in  shear,  there  was 
hardly  any  significant  flexural  response.  Similarly,  in  cases  that  the 
roof  member  failed  in  flexure  at  much  later  time,  it  survived  the 
early  high  shear  forces.  Therefore,  it  would  seem  reasonable  and 
justifiable  to  uncouple  the  direct  shear  response  from  the  flexural 
response  in  the  manner  discussed  above. 

Ross  (References  67  and  71)  investigated  the  direct  shear  failure 
phenomenon  in  one  way  reinforced  concrete  by  employing  the  classical 
elastic  Timoshenko  beam  model  to  account  explicitly  for  the  shearing 
deformations  when  slabs  were  subjected  to  distributed  impulsive  loads. 
It  was  found  that  direct  shear  failures  preceded  the  flexural  failures 
in  all  cases  examined.  This  conclusion  agreed  well  with  the 
experimental  observations  reported  by  Kiger  et  al.  (Reference  68), 
thus,  further  reaffirming  the  assumption  of  uncoupling  of  direct  shear 
a'^  i  flexural  response  in  the  simplified  SDOF  models. 

The  nonlinear  form  of  the  SDOF  differential  equation  of  motion 
for  direct  shear  analysis  can  be  presented  as  follows':  _ 
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M,  Y  +  C,  Y  +  R,  -  V(t)  (134) 

where,  is  the  shear  mass,  is  the  shear  damping  coefficient, 
is  the  direct  shear  resistance  function,  and  V(t)  is  the  applied  shear 
force  (e.g. ,  d3mamic  reaction  at  the  support).  These  parameters  are 
discussed  in  the  following  Sections.  Y,  Y,  and  Y  are  the  shear 
displacement,  velocity  and  acceleration,  respectively. 

2.  Dynamic  Shear  Force 

One  of  the  inherent  limitations  of  the  SDOF  approach  is  in 
lack  of  results  for  some  of  the  key  characteristics  responses  which 
may  be  of  great  interest  to  the  analyst.  One  such  case  is  the  dynamic 
reaction.  In  his  book,  Biggs  (Reference  42)  provides  the  following 
explanation  on  this  issue: 

"...the  dynamic  reactions  of  the  real  structural 
element  have  no  direct  counterpart  in  the 
equivalent  one-degree  system.  In  other  words,  the 
reaction  of  the  equivalent  system,  i.e.,  the 
spring  force,  is  not  the  same  as  the  real 
reaction.  This  is  true  because  the  simplified 
system  was  deliberately  selected  so  as  to  have  the 
same  dynamic  deflection  as  the  real  element, 
rather  than  the  same  force  or  stress 
characteristics . !' 

In  order  to  obtain  an  approximate  value  of  the  dynamic  reaction 
of  the  real  structural  element,  Biggs  considers  the  dynamic 
equilibrium  of  forces  on  the  free  body  of  the  left  half  of  the 
elastic  simply  supported  beam  (Figure  43)  as  follows. 

V  (61L/192)  -  -  0.5  (61L/192  -  L/4)  F  -  0.  (135) 

where,  V  is  the  dynamic  reaction,  F  is  the  total  dynamic  load  on 
the  beam,  is  the  dynamic  moment  at  the  midspan  and  L  is  the 
length  of  the  beam.  Similar  to  the  procedure  in  Reference  42,  it 
is  assumed  that  the  inertia  forces  have  the  same  distribution  as 
the  deflected  shape  function  of  the  elastic  beam  under  uniform 
static  load.  It  is  further  assumed  that  the  relationship  between 
the  dynamic  bending  moment  and  dynamic  resistance  is  the  same  as 
that  between  the  static  bending  moment  and  the  applied  load. 

Thus,  by  substituting  RL/8  for  the  it  is  possible  to  arrive  at 
the  following  expression  for  the  dynamic  reaction. 

V  -  0.39  R  +  0.11  F  (136) 

where,  R  is  the  time  dependent  resistance  function  and  F  is  the 
time  dependent  loading  function. 

Keenan  (Reference  70)  obtained  the  'exact'  solution  for  the 
support  reaction  of  a  simply  supported  elasto-plastic  beam 
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Figure  43. 


Determination  of  Dynamic  Reaction  for  a  Simply 
Supported  Beam  Subjected  to  Uniform  Load  ^ 
(Reference  42) 
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subjected  to  a  triangular  pulse,  and  he  compared  that  with  the 
result  of  Equation  (136)  for  the  same  load.  It  was  found  that  the 
magnitude  of  the  dynamic  shear  force  at  the  support  predicted  by 
Equation  (136)  would  provide  an  adequate  result  for  all  practical 
purposes.  Furthermore,  it  was  stated  that  the  maximum  shear 
stress  produced  by  a  blast  load  can  exceed  the  maximum  shear 
stress  produced  by  the  ultimate  flexural  resistance  under  static 
conditions . 

Based  on  a  similar  procedure,  Biggs  obtained  and  documented 
analytic  expressions  for  the  dynamic  reaction  of  beams  with 
different  support  conditions.  However,  these  cases  were  always 
limited  to  some  perfectly  elastic  or  perfectly  plastic  beams, 
loaded  at  the  midspan  by  a  concentrated  force,  with  Ideal 
boundary  conditions  (e.g.,  hinged  or  fixed).  In  addition,  it  is 
noted  in  Reference  42  that  the  assumed  shape  function  for  the 
plastic  domain  is  not  necessarily  the  actual  deformed  shape  of 
the  beam,  and  the  abrupt  transition  from  the  elastic  shape  to  the 
assumed  plastic  shape  may  result  in  incorrect  deviation  in 
behavior  of  the  dynamic  model  from  the  actual  behavior  of  the 
element. 

The  following  formulation  removes  these  restrictions  so 
that  the  dynamic  reactions  for  a  reinforced  concrete  beam  with 
arbitrary  boundary  conditions  can  be  approximated  at  every  time 
step.  The  procedure,  summarized  below,  assumes  that  the 
distribution  of  the  inertia  forces  is  identical  to  the  deformed 
shape  function  of  the  beam  (Figure  44) . 

a.  During  the  computational  procedure  for  the  load- 
deflection  relationship,  obtain  the  reactions  at  each 
end  of  the  structural  element  and  compute  the  load 
proportionality  factor  7  for  each  end  as  follows; 

7ii  -  Q(l)i/Qi  (137-a) 

721  -  Q(2)i/Qi  (137-b) 

where,  Q(l)^  and  Q(2)^  are  the  static  reactions  of  the 
beam  at  load  step  1,  is  the  load  at  step  i,  and  7^^ 
and  72 are  the  load  proportionality  factors  at  ends  1 
and  2  respectively. 

b.  At  every  load  step  J,  compute  the  Inertial  Load  Factor, 
IFL,  by  evaluating  the  following  Integral  numerically  at 
every  load  step  J . 

L 

ILFj  -  (|  (^(x)j)  dx)  A  (138) 

where,  IFL  is  the  load  factor  associated  with  the 
distribution  of  the  Inertial  forces  and  ^  is  the 
deflected  shape  function  at  load  step  1. 
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c.  Knowing  the  distribution  of  the  inertia  forces,  compute 
the  inertia  proportionality  factors  "l' ^  and  y'ji  for 
ends  1  and  2, respectively  at  every  load  step  i.  Since 
the  magnitude  of  the  inertia  load  is  not  known  at  this 
stage,  an  iterative  procedure  for  the  exact 
determination  of  the  these  factors  can  not  be  performed. 
Therefore,  these  factors  are  approximated  by  using  the 
principles  of  the  linear  beam  theory.  The  fact  that  the 
peak  direct  shear  response  always  occurs  early  in  time, 
before  any  significant  nonlinear  flexural  response  is 
developed,  further  Justifies  this  assumption. 

d.  During  the  dynamic  analysis,  the  dynamic  reaction  at 
either  end  of  the  element  can  be  computed  at  every  time 
step  as  follows. 

Vj  -  7ii  *  Q(t)  +  ILF  *  *  X  (139-a) 

Vj  -  72i  *  Q(t)  +  ILF  *  7*2^  *  *  X  (139-b) 

where,  Q(t)  is  the  forcing  function,  is  the  mass  of 
the  beam  and  X  is  the  acceleration.  Factors  7j^^, 

72j,  and  7*21  computed  for  the  specific  displacement 
at  every  time  step  by  the  following  linear  interpolation 
equations  respectively. 


7  -  7i  +  [ - ]  (A  -  A,)  (140) 


where,  A^^  <  A  i 

where,  A  is  the  dynamic  displacement  at  the  specific  time  step, 
and  7  is  the  generic  name  for  inertia  and  load  proportionality 
factors. 

The  dynamic  reaction  obtained  is  used  as  the  forcing 
function  to  derive  the  second  SDOF  system  which  provides  the 
shearing  motion  response  at  the  critical  location.  The  validity 
of  the  present  approach  is  investigated  later  in  Section  IV, 
where  the  results  obtained  are  compared  with  experimental  data. 

3.  Direct  Shear  Resistance  Function 

The  issue  of  direct  interface  shear  resistance  mechanism 
in  reinforced  concrete  beams  has  been  discussed  by  Park  and 
Paulay  (Reference  2) .  The  present  empirical  model  is  based  on  the 
investigations  by  Mattock  and  Hawkins  as  modified  and  documented 
by  Murtha  and  Holland  (Reference  72) ,  followed  by  further 
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modifications  by  Krauthammer  et.  al  in  Reference  56-:  The  original 
model,  shown  in  Figure  45,  is  simply  a  nonlinear  relationship 
between  the  shear  stress  and  shear  slip  at  the  shear  interface. 
The  linear  segments  of  the  model  are  described  briefly  as 
follows : 

a.  Line  OA:  In  this  region  the  response  in  linear  elastic 
up  to  the  point  A  (Figure  46) .  The  slope  of  this  line  is 
defined  by  a  slip  of  0.004  in.  and  an  elastic  shear 
stress  limit  given  by  the  following  expression 

T,  -  165  +  0.157  f%  (141) 

where,  r,  is  the  elastic  shear  stress  limit  in  psi,  and 
f'^  is  the  compressive  strength  of  concrete  in  psi. 

b.  Line  Afi:  The  slope  of  the  line  in  this  region  is  defined 
by  a  shear  slip  of  0.012  in.  and  a  maximum  shear 
resistance,  r^,  given  by  the  following  equation. 

r,  -  8  TF;  +  Pvt  ^  0.35  f^  (142) 

where,  f^  is  the  yield  strength  of  the  reinforcement 
crossing  the  shear  plane  in  psi,  Pvt  total 

reinforcement  ratio  crossing  the  shear  plane,  f'^  is  the 
compressive  strength  of  concrete  in  psi,  and  is  the 
maximum  shear  stress. 

c.  Line  BC:  This  segment  is  defined  by  a  horizontal  line 

where  the  shear  stress  remains  constant  at  r.,  while  the 

■ 

shear  slip  increases  to  0.024  in. 

d.  Line  CD:  Beyond  point  C,  the  shear  slip  increases  with 
decreasing  shear  stress  down  to  the  limiting  shear 
capacity  r^,  given  by 

-  (0.85  A,  f',  )  /A,  (143) 

The  slope  of  this  segment  is  given  by  the  following 
expression. 

K„  -  2000  +  0.75  f'^  (144) 

e.  Line  DE:  The  shear  capacity  remains  constant  as  the 
shear  slip  increases  until  the  failure  slip  at  point  E  . 
The  slip  for  the  point  of  failure  is  defined  by  the 
following  expression. 

-  2.0  (e*  -  1)/120  (145) 

and,  _ 

X  -  900/  (2.86  yF7/d^)  (146) 

dj,  is  the  bar  diameter  in  inches,  and  is  the 

maximum  shear  displacement  at  failure  in  Inches. 
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The  model  described  above  is  based  primarily  on  the  results 
of  experimental  investigations  as  reported  in  References  72  and 
73.  The  slope  of  segment  OA  is  based  on  the  assumption  that  for 
low  values  of  slip,  the  effect  of  dowel  action  in  the  flexural 
reinforcement  is  negligible,  and  the  compressive  strength  of 
concrete  can  be  used  as  the  parameter  that  relates  the  shear 
stress  to  the  shear  slip.  The  maximum  shear  stress, t^,  given  by 
Equation  (1A2) ,  is  based  on  the  recommendations  by  ACI  Committee 
318  in  the  Proposed  Commentary  to  the  ACI  Code  318-83.  The  shear 
slip  values  of  0.012  and  0.024  at  points  B  and  C  are  due  to 
experimental  observations  as  reported  in  Reference  73.  Equations 
(145)  and  (146)  were  proposed  in  Reference  72  based  on 
experimental  observations  on  the  relationships  between  dowel 
force,  slip,  and  limiting  shear  capacity. 

In  order  to  employ  the  Hawkins  shear  model  in  dynamic 
analyses,  Krauthammer  et  al.  (Reference  56)  modified  the  present 
model  to  include  the  effect  of  load  reversals.  This  modification 
is  shown  in  Figure  46  for  a  slab  having  the  same  amount  of 
reinforcement  in  tension  and  compression.  On  initial  loading,  the 
shear  stress -shear  slip  will  follow  the  original  path  until 
unloading  is  reached  at  point  A,  and  followed  along  a  straight 
line  until  the  point  of  zero  stress,  D.  Once  point  D  is  reached, 
unloading  will  follow  along  line  DA' .  A'  is  the  mirror  image  of 
point  A  on  the  opposite  (reverse)  shear  envelope.  If  the  shear 
displacement  continues  to  increase  in  the  reverse  direction,  it 
will  follow  the  curve  until  the  second  unloading  occurs  at  B,  and 
the  loop  is  repeated  in  a  similar  manner.  If  the  shear  slip  never 
exceeds  the  maximum  slip  value  on  either  side  of  the  envelope, 
the  system  will  eventually  come  to  rest  with  a  residual  shear 
deformation.  In  the  event  of  reloading,  the  shear  displacement  is 
assumed  to  follow  a  straight  line  with  a  slope  equal  to  the 
initial  loading  path  (Line  OA  in  Figure  45) 

4.  Effective  Mass  in  Analysis  for  Direct  Shear  Resistance 

One  of  the  important  parameters  in  SDOF  analyses  of 
structures  is  to  obtain  the  equivalent  mass  of  the  system  based 
on  the  assumed  approximate  shape  function.  In  the  flexural 
analysis,  the  deformation  pattern  of  the  beam  was  obtained 
niomerically  at  every  load  step,  and  subsequently  used  to  compute 
the  mass  of  the  equivalent  system.  In  a  similar  manner  for  shear, 
proper  shape  functions  must  be  employed  in  order  to  characterize 
the  behavior  of  the  total  element  in  accordance  with  the 
existing  experimental  observations.  Furthermore,  since  it  is 
important  to  Investigate  the  shearing  resistance  at  supports  as 
well  as  under  the  concentrated  dynamic  load,  estimates  of  the 
equivalent  mass  must  be  obtained  for  both  types  of  analysis,  as 
presented  next. 


127 


a.  Support  Shear  Failure  Mode 

Experiment  observations  on  the  dynamic  shear  failure  of 
shallow-burled  flat-roofed  reinforced  concrete  structures 
subjected  to  blast  loading  (References  68  and  69)  indicated  that 
in  nearly  all  cases  of  direct  shear  failure,  the  roof  slab  was 
completely  severed  and  separated  from  the  walls  along  a  vertical 
shear  failure  plane  at  each  end  of  the  slab  (Figure  47) .  Due  to 
the  uniform  nature  of  loading,  it  is  suspected  that  the  reactions 
and  the  shearing  resistance  were  nearly  equal  at  both  ends  of 
these  slabs  and  the  mode  of  direct  shear  failure  would  resemble 
the  configuration  shown  in  Figure  47.  Thus,  the  entire  mass  of 
the  beam  and  the  shearing  resistance  of  both  supports  must  be 
considered  in  the  SDOF  dynamic  analysis. 

Krauthammer  et.  al  (Reference  56)  applied  the  shear  SDOF 
approximation  to  analyze  the  experiments  reported  in  Reference 
68.  It  was  concluded  that  the  method  could  effectively  predict 
adequate  results,  so  long  as  rational  models  were  employed  in  the 
analysis. 

No  experimental  data  are  available  on  the  direct  shear 
resistance  of  reinforced  concrete  beams  subjected  to  localized 
(non-uniform)  impulsive  loads.  However,  it  is  speculated  that  if 
the  loading  is  not  uniform,  direct  shear  failure  at  the  support 
(as  a  result  of  separation  of  the  roof  from  the  wall)  would 
certainly  occur  first  at  the  boundary  with  the  highest  magnitude 
of  the  dynamic  shear  force,  and  then  perhaps  followed  by  the 
failure  at  the  other  end.  In  that  case,  only  the  shearing 
resistance  of  one  cross  section  should  be  considered  in  the  SDOF 
analysis,  and  the  mode  of  failure  could  be  assumed  triangular 
(Figure  48)  for  which  the  equivalent  mass  can  be  computed  as  one 
half  of  the  total  mass  of  the  beam. 

b.  Localized  Shear  Failure  Mode  Under  the  Load 

There  are  only  a  few  studies  on  which  the  localized  direct 
shear  failure  in  reinforced  concrete  elements  subjected  to 
impulsive  loading  were  Investigated.  Ross  and  Rosengren 
(Reference  74)  and  Ross  et  al.  (Reference  75)  analyzed  generic 
reinforced  concrete  slabs  for  localized  shear  failure  in  the 
vicinity  of  an  explosive  device  placed  in  soil  directly  below  the 
concrete  slab.  In  that  study,  a  static  localized  hinge  mechanism 
(Figure  49-a)  was  used  with  the  assumption  that  failure  would 
cause  a  volume  of  the  slab  (shear  mass)  to  be  sheared  off  without 
appreciable  damage  to  the  other  parts  of  the  slab.  It  was  found 
that  the  breach  radius  of  the  slab  (49 -b)  depended  on  the 
magnitude,  type,  and  distribution  of  the  explosive  charge  and 
therefore,  it  would  not  be  possible  to  predict  a  general 
expression  for  the  shear  mass  for  different  types  of  loading 
conditions. 
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Figure  48.  Assumed  Mode  for  Support  Direct  Shear  Failure 


In  the  present  study,  the  critical  shear  breaching  radius  is 
conservatively  assumed  to  be  one-half  of  the  effective  depth  of 
the  beam  or  the  slab,  based  on  which  the  effective  shear  mass 
under  the  concentrated  load  is  computed.  This  is  consistent  with 
the  experimental  observations  on  punching  shear  failure  in 
reinforced  concrete  members  under  static  conditions  as  reported 
in  Reference  22. 

A  direct  localized  dynamic  shear  failure  in  reinforced 
concrete  is  not  a  well -understood  phenomenon  and  as  Ross  and 
Rosengreni  (Reference  22)  point  out,  in  addition  to  extensive 
experimental  studies,  many  details  on  concrete  strength, 
effectiveness  of  stirmps,  and  loading  conditions  are  needed 
before  analytical  techniques  can  provide  adequate  results. 

I.  SOLUTION  OF  NONLINEAR  EQUATION  OF  MOTION 

In  this  study,  the  nonlinear  Equation  of  motion  was  solved 
using  the  Newmark-Beta  method.  The  iterative  technique  is 
summarized  as  follows . 

1.  Let  at  some  time  t,  acceleration  u^*',  velocity 
and  displacement  u**^  be  known. 

2.  Assume  at  the  next  time  step  t+At,  the  acceleration  is 

3.  Compute  and  u^*'*’*^  from  the  equation  provided  by 

Newmark  (Reference  49) : 

^(•+1)  _  ^(t)  +  ^  (147) 

-  u‘*’  +  At  +  (h  -  P)  a‘*’(At)’ 

+  /9  a^*^^’(4t)2  (148) 


where  is  assumed  depending  on  the  variation  of  the 
acceleration,  and  will  affect  the  convergence  speed  and 
stability  of  the  iterations. 

4.  Compute  from  the  equation  of  motion  rewritten  as 

follows  : 


Q  (t+At) 
- 

M. 


2  ? 


(149) 


5.  Repeat  steps  3  and  4  until  the  variation  in  a(s+l) 
between  consecutive  steps  is  small. 
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More  details  on  the  NevTmark-Beta  method  can  be  found  in 
References  44,49,  and  76. 

J.  COMPUTER  PROGRAM  AND  FLOW  CHART  FOR  DYNAMIC  ANALYSIS 

Based  on  the  formulations  presented  in  this  section,  the 
computer  program  BSDOF  for  the  dynamic  flexural  and  direct  shear 
analysis  of  structural  elements  was  developed.  This  program  is 
currently  ready  for  use  on  IBM  PC/AT  as  well  as  IBM  4341 
computers.  The  program  was  employed  to  analyze  a  niimber  of 
experimental  cases  in  which  reinforced  concrete  elements  were 
subjected  to  localized  impact  or  blast  loads.  The  analyses  for 
these  cases  are  provided  in  Section  IV.  The  contents  of  the 
program  BSDOF  are  illustrated  by  a  general  flow  diagram  in  Figure 
50. 
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INPUT: 

Mass.  Oamping,  Shear  Data  Initial 
Displacement  and  Velocity  Applied 
Dynamic  Foreing  Function  Load  - 
Deflection  Curve  Mass  Factors,  Load 
Factors,  Inertia  and  Shear  Factors 


i 

1  Initialize  A 

II  Variables  1 

/  Initial  Time 

Last  Time  Step^ 

- X  Increment  by  At 

Yes 


■<I 


I  Compute  Appfied  Force 


COMPUTE: 

Velocity  and  Displacement  Mass] 
Factor,  Load  Factor  Resistance 
and  Acceleration 


Figure  50.  Flow  Dlagraa  for  Program  BSDOF 
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SECTION  IV 

ANALYSIS  AND  RESULTS 


A.  INTRODUCTION 

For  demonstrating  the  application  of  the  present  model  and  the 
accuracy  of  the  numerical  results,  the  analytical/computational 
procedure  developed  herein  is  employed  for  analyzing  several  cases. 

All  structural  elements  analyzed  herein  were  studied  experimentally  by 
other  investigators  and  the  results  obtained  from  the  present  approach 
are  compared  with  the  previous  findings. 

The  present  section  contains  analyses  of  reinforced  concrete 
structural  elements  in  the  static  and  the  dynamic  domain  of  behavior. 
In  the  static  domain  three  groups  of  tests  are  considered,  two  groups 
of  reinforced  concrete  members  without  axial  forces  (beams)  and  one 
group  of  reinforced  concrete  beams  with  axial  forces  (beam- columns) . 

In  the  dynamic  domain  the  analysis  is  performed  for  two  groups:  (1) 
reinforced  concrete  specimens  subjected  to  localized  impact  loads,  and 
(2)  analyses  of  reinforced  concrete  walls  subjected  to  localized  blast 
loads,  caused  by  detonation  of  conventional  explosive  devices. 

B.  ANALYSIS  IN  THE  STATIC  DOMAIN 

The  analytical  procedure  employed  for  the  analysis  of  beams  under 
static  conditions  consists  of  the  following  two  steps; 

1.  Analysis  for  obtaining  the  complete  moment -curvature 
relationship  for  the  cross  section  subjected  to  the  combined 
effects  of  flexure,  shear  and  axial  compressive  force.  Here, 
the  computer  program  ZCON  is  employed. 

2.  Analysis  for  deriving  the  load- deformation  (resistance 
function)  of  the  reinforced  concrete  structural  element  from 
the  moment -curvature  behavior.  In  this  step  the  computer 
program  LOADDEF  is  employed. 

The  numerical  results  for  each  member  are  illustrated  by  a 
moment -curvature  diagram  for  the  cross  section  and  a  load-deflection 
curve  for  the  structural  element. 

1.  Analysis  of  Reinforced  Concrete  Beams 

The  two  groups  of  beams  analyzed  in  this  section  were  obtained 
from  two  different  sources  and  comprise  nine  beams  tested  by  Bums  and 
Siess  in  Reference  1  (Group  1) ,  and  nine  beams  from  an  experimental 
study  by  Bresler  and  Scordells  in  Reference  36  (Group  2) .  All  18  cases 
considered  in  this  section  were  simply-supported  reinforced  concrete 
members  loaded  laterally  at  their  midspan  by  a  single  concentrated 
force.  For  beams  of  Reference  1,  this  load  was  applied  through  a  rigid 
short  (column-like)  stub  and  therefore,  a  plastic  hinge  would  be 
assumed  to  form  on  each  side  of  the  rigid  column. 
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The  beams  tested  by  Burns  and  Sless  (Reference  1)  were  moderately 
reinforced  (0.67  percent  ^  p  s  2.63  percent  ,  0.61  percent  i  p'  ^  2.63 
percent)  with  moderate -strength  tension  (45,1  s  S  48.5  ksi)  -and 
compression  (45.5  <  p  <  50  ksi)  reinforcement.  The  ratio  of  the  shear 
span  to  effective  depth  for  this  group  ranged  from  4  to  7.2.  Figure  B- 
1  in  the  Appendix  B  represents  the  schematic  arrangements  of  these 
beams  and  the  details  of  geometrical  and  material  properties  of  these 
group  of  be£uns  are  provided  in  Tables  B-1  and  B-2  and  B-3  in  Appendix 
B.  The  input  material  properties  and  the  numerical  results  for  the 
moment -curvature  and  the  load- deflection  analyses  are  Illustrated  in 
detail  for  one  case,  namely  beam  J8,  and  for  the  remaining  beams  in 
this  group  the  results  are  summarized  and  presented  by  plots  of 
moment -curvature  and  load- deflection,  respectively. 

A  graphical  Illustration  of  the  moment -curvature  behavior  of  beam 
J-8  is  shown  in  Figure  51.  The  ultimate  computed  moment  for  this  beam, 
889  kip- inches,  compares  very  well  with  the  ultimate  experimental 
moment,  878  kip-inches.  Similarly,  the  load- deflection  behavior  of 
beam  J-8  from  the  onset  of  loading  to  the  ultimate  (collapse) 
condition  is  shown  along  with  the  measured  experimental  data  in  Figure 
51.  The  computed  ultimate  load  (27.2  kips)  is  only  1  percent  larger 
than  the  measured  load  at  the  ultimate  condition  (27.1  kips),  and  the 
computed  deflection  at  the  collapse  condition  (16.6  inches)  is  only 
2.5  percent  larger  that  its  experimental  counterpart  (16.2  inches).  In 
addition,  it  can  be  observed  in  Figure  51  that  the  computed  load- 
deflection  diagram  simulates  the  experimental  observations  quit 
accurately.  Table  B-4  in  Appendix  B  demonstrates  a  typical  output  file 
for  the  moment -curvature  and  the  load- deflection  analysis  of  this 
beam. 


The  numerical  results  at  the  ultimate  condition  for  the  remaining 
beams  from  Reference  1,  namely  beams  J17,  J18,  J13,  J14,  J20,  J5,  J6, 
and  J22  are  presented  in  Table  1.  These  results  indicate  that  the 
present  analytical/computational  procedure  is  effective  in  that  the 
ultimate  mean  computed  load  for  the  nine  beams  in  this  group  at 
failure  is  within!  percent  from  the  mean  experimental  failure  load, 
with  a  standard  deviation  of  0.04.  Moreover,  the  ratio  of  the  average 
computed  midspan  deflection  to  the  measured  deflection  just  before 
collapse  is  0.97  with  a  standard  deviation  of  only  0.11,  indicating 
that  the  present  approach  for  the  computation  of  the  deflection  at  the 
ultimate  curvature  provides  good  results.  But,  as  it  can  be  observed, 
the  degree  of  variability  for  the  computed  deflections  is  larger  than 
that  for  the  ultimate  loads.  Results  illustrated  by  Figures  B-4 
through  B-11  in  Appendix  B  show  the  complete  moment -curvature  and 
load- deflection  behavior  for  beams  in  this  group.  The  present 
behavioral  model  for  the  effect  of  shear  in  reducing  the  ultimate 
flexural  capacity  of  the  beams  has  improved  the  result,  particularly 
for  beams  J20,  J6,  and  J22.  The  experimental  points  which  are  marked 
on  the  load- deflection  diagrams  are  the  actual  measured  readings 
during  the  tests.  The  present  procedure  provides  the  means  for 
predicting  the  resistance  of  the  member  at  all  stages  of  loading  with 
a  fairly  good  accuracy. 
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TABLE  1.  RESULTS  FOR  SLENDER  RECTANGULAR  BEAMS  OF  REFERENCE  1 


Beam  a/d 

Collapse 

Collapse 

^Ceap  ^Coap 

Failure 

Load,  Q 

Deflections 

Mode* 

(Kips) 

(Inches) 

^Maaa  ^Maaa 

^Maas  ^Co«p 

^Haaa  ^Co«p 

Exp.  Ana 

J8 

7.20 

27.1 

27.2 

16.2 

16.6 

1.00 

1.02 

C 

c 

J17 

7.20 

27.2 

27.7 

18.1 

14.3 

1.02 

0.80 

C 

c 

J18 

7.20 

27.0 

27.3 

15.5 

16.4 

1.04 

1.06 

C 

c 

J13 

5.14 

42.5 

39.6 

13.7 

12.3 

0.93 

0.90 

C/S 

T/S 

J14 

5.14 

39.0 

36.9 

11.5 

10.4 

0.95 

0.90 

C/S 

C/S 

J20 

5.14 

37.7 

36.9 

10.2 

9.4 

0.98 

0.92 

C/S 

C/S 

J5 

4.00 

54.0 

51.3 

12.8 

11.9 

0.95 

0.93 

T/S 

T/S 

J6 

4.00 

52.3 

53.4 

10.0 

10.4 

1.02 

1.04 

C/S 

T/S 

J22 

4.00 

51.0 

50.7 

7.3 

8.7 

0.99 

1.19 

C/S 

C/S 

Avg  : 

0.99 

0.97 

STD  : 

0.04 

0.11 

C  : 
S  : 
T  : 
C/S  : 
T/S  : 
1  Kip 
1  In. 


Compression  Flexural  Failure 
Shear  Failure 
Tension  Flexural  Failure 
Combination  of  C  &  S 
Combination  of  T  &  S 

-  4.448  KN 

-  25.4  mm 
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MOMENT-CURVATURE  OF  BEAM  J-B 
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Figure  51.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J8 
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The  beams  tested  by  Bresler  and  Scordelis  (Reference  36)  were 
reinforced  heavily  (1.80  percent  ^  p  ^  3.66  percent  )  with  high 
strength  longitudinal  tensile  reinforcement  (fy  «  80  ksl) ,  and  a  very 
small  percentage  of  compression  reinforcement  (0.18  percent  £  p'  ^0.37 
percent).  In  fact,  a  number  of  these  beams  were  over-reinforced.  In 
addition,  these  beams  were  deliberately  designed  with  very  low  amounts 
of  transverse  reinforcement.  The  ratio  of  the  shear  span  to  the 
effective  depth  for  this  group  ranged  form  3.97  to  6.94.  Figure  B-2  in 
Appendix  B  shows  the  detail  of  the  cross  sections  and  Tables  B-1,  B-2, 
and  B-3  provide  the  material  and  geometric  properties  for  the  nine 
beams  In  this  group. 

The  numerical  results  for  these  nine  beams  at  the  ultimate 
condition  is  presented  In  Table  2.  The  proposed  behavioral  model  for 
the  effect  of  shear  In  reducing  the  ultimate  flexural  capacity,  and 
the  proposed  model  for  the  behavior  of  over- reinforced  beams  at 
failure  has  been  proven  effective.  The  mean  ratio  of  the  computed 
ultimate  load  to  the  measured  failure  load  for  this  group  Is  0.94  with 
a  standard  deviation  of  0.07,  and  the  average  computed  deflection  for 
the  nine  beams  at  collapse  is  only  1  percent  less  than  the  average 
of  the  experimental  deflection  values ,  with  a  standard  deviation  of 
0.09.  The  analytical  moment -curvature  and  load-deflection  curves  for 
these  nine  cases  (beams  A1,A2,A3,B1,B2,B3,C1,C2,  and  C3)  are  presented 
in  Figures  B-12  through  B-20  in  Appendix  B.  From  these  figures  it  can 
be  observed  that  all  these  beams  exhibited  a  brittle  compression 
failure  with  very  little  ductility  at  the  ultimate  condition.  For  all 
nine  cases  examined  here,  the  peak  flexural  moment  decreased 
significantly  before  the  development  of  ductile  behavior.  This  sort  of 
response  was  observed  during  the  experiment  and  It  can  be  primarily 
attributed  to  the  fact  that  these  beams  had  high  ratios  of  high 
strength  tensile  reinforcement,  and  relatively  small  amounts  of 
compression  and  confining  reinforcement. 

From  Figures  B-12  to  B-20  it  can  be  seen  that  although  the 
computed  load-deflection  curves  for  these  nine  cases  are  reasonably 
close  to  the  experimental  data,  they  do  not  seem  to  follow  the  data  as 
well  as  the  beams  In  the  first  group  discussed  earlier  In  this 
section.  In  a  few  cases,  particularly  beams  Al,  Bl,  and  Cl,  measured 
deflections  are  generally  smaller  than  computed  values.  Such 
disagreement  Is  primarily  because  the  present  model  assumes  a  fully 
cracked  section  along  the  span  of  the  beam  (l.e.,  additional  stiffness 
of  the  beam  at  low  levels  of  load,  due  to  the  tension  carried  by  the 
concrete  between  the  flexural  cracks,  is  not  Included  In  the  analysis) 
and  therefore.  It  Is  reasonable  to  expect  the  computed  deflections  to 
be  higher  than  the  actual  deflections.  But,  this  phenomenon  has  very 
little  effect  on  the  analysis  of  ductile  members  (first  group  of 
beams) ,  because  these  additional  inelastic  deformations  are  small 
compared  to  the  inelastic  deflections.  For  the  second  group,  the  beams 
do  not  exhibit  Inelastic  ductility  and  the  assumption  that  the  beam  is 
fully  cracked  along  the  span  could  result  In  predicting  larger 
deflections  at  early  loading  stages.  Even  though  as  the  load 
approaches  the  ultimate  value,  these  beams  are  more  extensively 
cracked  and  as  a  result,  the  difference  between  the  computed  and  the 
measured  deflections  become  smaller. 
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TABLE  2.  ElESULTS  FOR  SLENDER  RECTANCULAR  BEAMS  (REFERENCE  36) 


Beam 

a/d 

Collapse 
Load,  Q 
(Kips) 

^Coep 

Collapse 

Deflections 

(Inches) 

^Ceap 

^Coap 

^Coap 

^aaa 

Failure 

Mode** 

Exp.  Ana. 

Al 

3.97 

105. 

97. 

0.56 

0.62 

0.92 

1.11 

C/S 

C/S 

A2* 

4.90 

no. 

101. 

0.90 

0.86 

0.92 

0.96 

C/S 

C/S 

A3 

6.94 

105. 

105. 

1.35 

1.50 

1.00 

1.11 

C 

C 

Bl* 

3.92 

100. 

93. 

0.54 

0.54 

0.93 

1.00 

C/S 

C/S 

B2* 

4.93 

90. 

79. 

0.82 

0.81 

0.88 

0.99 

C/S 

C/S 

B3 

6.91 

80. 

87. 

1.39 

1.51 

1.09 

1.09 

C 

c 

Cl 

3.95 

70. 

57. 

0.70 

0.63 

0.87 

0.90 

C/S 

c/s 

C2* 

4.91 

73. 

65. 

0.79 

0.68 

0.90 

0.86 

C/S 

c/s 

C3* 

6.95 

61. 

56. 

1.45 

1.27 

0.97 

0.88 

C 

c 

Avg  : 

0.94 

0.99 

STD  : 

0.07 

0.09 

Overreinforced  beams. 

C  :  Compression  Flexural  Failure 

S  :  Shear  Failure 

C/S  :  Combination  of  C  &  S 

1  Kip  -  4.448  KN 

1  In.  -  25.4  mm 
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2.  Analysis  of  Reinforced  Concrete  Beam- Columns 

In  this  section,  two  beams  and  nine  beam- columns  obtained  from 
an  experimental  study  by  Yamashiro  and  Sless  (Reference  17)  are 
analyzed.  All  11  specimen  were  symmetrically  reinforced  with  moderate 
grade  steel  In  tension  (45.9  :S  f^  £  50.  ksl)  and  In  compression  (44.7 
<  f  £  50.3  ksl).  The  flexural  reinforcement  ratio,  p,  ranged  between 
0.6/  to  3.33  percent.  The  axial  compressive  force,  was  applied 

without  eccentricity  and  Its  ma^ltude  for  each  case  was  smaller  than 
one-half  of  the  axial  load  at  the  balanced  conditions,  .  Figure  B-3 
In  Appendix  B  Illustrates  the  schematic  arrangement  of  the  specimens 
and  Tables  B-1,  B-2,  and  B-3  contain  all  material  and  geometric 
properties  for  the  11  test  specimen  In  this  group.  The  numerical 
results  for  each  member  are  Illustrated  by  a  moment -curvature  diagram 
for  the  cross  section  and  a  moment-deformation  curve  for  the  element. 
In  which  the  computed  results  are  compared  with  the  experimental 
measurements . 

Figure  52  represents  the  moment -curvature  and  the  moment- 
deflection  plots  of  beam  J-29.  This  ratio  of  compression  and  tension 
reinforcement  for  this  beam-column  was  3.33  percent  and  a  constant 
axial  force  of  25  kips  was  continuously  applied  during  the  experiment. 
The  result  obtained  from  the  present  procedure  agree  well  with  the 
experimental  measurements.  The  computed  failure  moment  for  this  member 
was  1261  kip -inches  which  is  only  10  percent  larger  than  the  measured 
ultimate  moment  (1150  klp-inches).  The  computed  deflection  at  collapse 
was  11.3  Inches,  within  1  percent  of  the  measured  data  (11.2  Inches). 
In  addition.  It  can  be  observed  In  Figure  52  that  the  computed  values 
on  the  moment -deflect Ion  curve  are  close  to  experimental  data  for  all 
levels  of  loading. 

The  computed  moments  and  deflections  at  ultimate  (just  before 
collapse)  for  the  beams  and  the  beam- columns  In  this  group  are 
presented  in  Table  3.  It  is  observed  that  on  the  average,  the  ratio  of 
the  computed  to  the  measured  values  for  moments  and  deflections  at 
collapse  are  1.04  and  0. 91,  respectively .  and  the  standard  deviation 
for  these  two  average  quantities  are  0.05  and  0.14, respectively. 
Comparing  the  analytical  results  of  members  in  this  group  with  the 
nine  beams  of  Reference  1  (analyzed  earlier  in  this  section) ,  shows 
that  the  accuracy  of  the  present  approach  In  predicting  the  response 
of  the  elements  at  the  ultimate  condition  to  be  slightly  reduced  when 
axial  compressive  force  Is  present.  The  fact  that  the  average  ratio  of 
the  computed  deflections  to  the  measured  deflec cions  Is  0.91  is 
probably  due  to  an  Increase  In  the  length  of  the  plastic  hinge  In  the 
presence  of  axial  force.  Presently,  no  analytical  or  empirical 
formulations  are  available  to  account  for  the  Influence  of  axial  force 
on  the  development  of  the  plastic  zones.  Nevertheless,  the  present 
numerical  technique  is  still  effective  in  that  it  can  provide  adequate 
results  at  the  ultimate  condition  for  all  practical  purposes. 

Figures  B-21  through  B-30  in  Appendix  B  depict  the  moment- 
curvature  and  the  moment-deflection  diagrams  for  these  beams.  One 
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TABLE  3.  RESULTS  FOR  SLENDER  RECTANGULAR  BEAM-COLUMNS  OF  REFERENCE  17 


Bean**  Collapse 

moment 

(Kips)  (Kip-In.) 


Collapse 

Deflections 

(Inches) 


M  A 

Conp  Co«p 

Mh  •  as  •  as 


Failure 

Mode* 


^Coap 


J24 

0. 

248 

251 

15.5 

J25 

25.0 

302 

338 

12.8 

J26 

50.0 

415 

412 

0.94 

J27 

75.0 

490 

506 

0.85 

J34 

75.0 

475 

491 

0.72 

J15 

50.0 

1000 

963 

10.8 

J16 

25.0 

931 

932 

13.5 

J28 

0. 

1090 

1205 

13.5 

J29 

25.0 

1150 

1261 

11.2 

J30 

50.0 

1180 

1241 

12.9 

J31 

75.0 

1100 

1160 

7.3 

^Coap 

Exp. 

Ana 

18.6 

1.01 

1.20 

T 

T 

10.2 

1.12 

0.80 

C 

C 

0.86 

0.99 

0.92 

C 

c 

0.79 

1.03 

0.93 

c 

c 

0.59 

1.03 

0.83 

c 

c 

7.9 

0.96 

0.73 

c 

c 

9.7 

1.00 

0.72 

c 

c 

14.9 

1.11 

1.10 

c 

c 

11.3 

1.10 

1.01 

c 

c 

10.7 

1.05 

0.83 

c 

c 

6.7 

1.05 

0.92 

c 

c 

Avg 

1.04 

0.91 

STD  : 

0.05 

0.14 

*  Axial  force  acted  at  the  plastic  centroid  for  all  beams. 

**  For  all  beams  a/d-  7.2. 

*  C  :  Compression  Flexural  Failure 
T  :  Tension  Flexural  Failure 

1  Kip-In.  -  0.113  KN-m 
1  In.  ••  25.4  mm 
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MOMENT-CURVATURE  OF  BEAM  J-29 
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Figure  52.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J29 
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significant  observation  can  be  made  in  regards  to  the  effect  of  axial 
load  on  the  ductility  of  beam-colvunns.  Members  J24,  J25,  J26,  and  J27 
have  similar  material  and  geometric  properties,  and  vary  only  by  the 
magnitude  of  the  axial  force.  The  computed  results  indicate  that 
increasing  the  magnitude  of  the  axial  force  reduces  the  ductility  of 
the  element.  Similar  observation  can  be  made  when  the  result  of  beams 
J15  and  J16  are  compared  to  one  another.  The  computed  moment- 
deflection  curves  and  the  experimental  measurements  are  reasonably 
close  for  all  cases. 

C.  ANALYSIS  IN  THE  DYNAMIC  DOMAIN 

The  analytical  procedure  for  analysis  of  reinforced  concrete 
structural  elements  subjected  to  dynamic  excitations  consists  of  the 
following  steps: 

1.  Analysis  for  computing  the  complete  moment - curvature  of  the 
cross  section  based  on  the  input  material  and  geometric 
properties . 

2.  Analysis  for  deriving  the  resistance  function  and  the 
deformed  shape  function  of  the  reinforced  concrete  element, 
based  on  the  moment • curvature  data  and  the  boundary 
conditions.  Here,  all  necessary  parameters  of  the  equivalent 
dynamic  system  i.e.,  mass  factor,  load  factor,  inertia  and 
support  shear  factors  are  computed  and  stored  at  every  load 
step. 

3.  Dynamic  analysis  of  the  structural  element  subjected  to  time 
dependent  forcing  function  using  an  equivalent  SDOF  system. 
The  information  obtained  in  step  two  is  utilized  here  for 
evaluating  the  time  dependent  (and  perhaps  nonlinear) 
flexural  and  the  shearing  response  of  the  element. 


The  analytical  procedure  for  analysis  of  reinforced  concrete 
beams  subjected  to  localized  impact  loads  is  based  on  the  experimental 
result  reported  by  Feldman  and  Siess  in  Reference  77.  In  that  study  five 
simply  supported  reinforced  concrete  beam  specimens,  namely  C-1,  H-1,  J-1,G-1, 
and  I-l  were  subjected  to  suddenly  applied  dynamic  loads.  Adequate  data  were 
not  collected  in  two  cases. 


Due  to  partial  failure  of  the  laboratory  instruments,  the  dynamic 
loading  data  for  beam  C-1  was  not  recorded  during  the  experiment. 
Instead,  the  authors  estimated  the  step  pulse  based  on  the  data 
collected  from  the  chamber  pressures  and  trigger  settings  in  Reference 
77.  Also,  during  the  preparation  for  testing,  beam  I-l  was 
accidentally  loaded  statically  to  almost  7.5  kips,  enough  to  cause 
extensive  flexural  cracks.  In  addition,  during  the  dynamic  testing  of 
beam  I-l,  the  dynamic  mid-span  deflection  exceeded  the  range  of  the 
laboratory  equipment  and  it  was  limited  by  a  wooden  block  placed 
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beneath  the  midspan  point  of  the  beam.  Therefore,  the  validity  of  the 
recorded  data  after  the  contact  time  is  highly  questionable,  since  the 
beam  was  resisted  by  the  wooden  compression  block. 

Nevertheless,  all  five  cases  are  analyzed  here  and  the  analytic 
results,  as  obtained  from  the  present  approach,  are  compared  to  the 
measured  data  for  the  magnitude  and  the  time  of  occurrence  of  peak 
midspan  deflections,  permanent  (residual)  deflection,  and  peak 
dynamic  support  shear  force.  In  addition,  the  experimental  deflection¬ 
time  plots  and  reaction- time  plots  are  compared  with  the  analytic 
curves.  Additional  analytic  result,  including  the  moment - curvature , 
load-deflection,  velocity  and  acceleration- time  history  plots  are 
presented  for  each  case  as  well. 

The  material  and  geometric  properties  of  these  four  specimen  are 
given  in  Tables  C-1,  C-2  and  C-3  in  Appendix  C  and  are  described 
briefly  here.  The  beams  had  overall  dimensions  of  6  inches  by  12 
inches  by  106  inches  and  were  loaded  by  a  concentrated  dynamic  load  at 
the  midspan.  These  beams  were  reinforced  with  two  Number  7  bars  for 
tension  (bottom) ,  two  Number  6  bars  for  compression  (p  -2  percent 
,p'-1.46  percent),  and  Number  3  stirrups  were  placed  at  7  inches 
intervals .  The  concrete  compressive  strength  of  each  specimen  (Table 
C-1)  is  computed  by  averaging  the  two  batches  for  each  case,  as 
reported  in  Reference  77.  With  the  exception  of  beam  H-1,  it  can  be 
seen  in  Tables  C-2  and  C-3  that  in  many  instances  complete  and 
sufficient  data  for  the  specific  properties  of  flexural  reinforcement 
was  not  provided  in  Reference  77.  In  that  case,  the  average  value  of 
the  same  property  in  the  other  beams  is  used  in  the  computation.  This 
approximation  is  not  expected  to  introduce  any  significant  error  in 
the  analysis,  because  all  these  specimen  were  built  from  the  same 
shipment  of  materials  and  cast  at  about  the  same  time.  In  addition,  no 
data  for  the  ultimate  strength  and  strain  of  flexural  reinforcement 
was  given  in  Reference  77 .  For  the  type  of  steel  that  was  used  in  that 
study  (46.08  ^  f^  S  48.30  and  (0.0014  <  c  <  0.0016),  the  ultimate 
strength  and  strain  values  of  steel  is  taken  to  be  72  ksi  and  0.15 
inches/inch,  respectively . 

The  range  of  maximum  initial  measured  strain  rate  was 
approximately  between  0.24  to  0.42  inches/inch/sec.  for  the  tensile 
reinforcement  and  between  0.21  to  0.43  inches/inch/sec.  For  the 
concrete  in  compression.  Using  the  minimum  of  these  values  and  the 
information  provided  earlier  in  Section  III  on  the  enhancement  of 
materials  under  dynamic  conditions,  a  25  percent  enhancement  on  the 
compressive  strength  of  concrete,  yield  strength  and  the  ultimate 
strength  of  flexural  reinforcement  is  used  in  the  analysis  of  these 
beams. 

The  applied  load  was  measured  continuously  during  the  experiment 
by  a  a  calibrated  dynamometer.  In  the  present  analysis,  that 
information  is  closely  approximated  by  a  piecewise  multilinear  curve. 
The  mass  of  a  typical  beam  was  computed  using  the  average  normal 
weight  for  reinforced  concrete  (150  pcf ) .  Lastly,  2  percent  external 
damping  ratio  was  used  in  the  analysis  of  five  beams  as  presented 
next. 
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a.  Analysis  of  Beam  C*1 

Since  it  was  not  possible  to  input  the  exact  experimental 
loadings,  the  multilinear  loading  function  shown  in  Figure  53  is  used 
in  the  analysis  which  closely  approximates  the  experimental  dynamic 
load  applied  to  beam  C-1  (Figure  C-1  in  Appendix  C) .  Figure  54  depicts 
the  computed  displacement- time  history  at  the  midspan  of  this  beam. 

The  peak  experimental  displacement  response  of  the  beam,  measured  as 
3.0  Inches,  was  reached  at  50  milliseconds  (Figure  C-2  in  Appendix  C) . 
These  observations  agree  very  closely  with  the  analytical  results, 
where  the  peak  displacement  Is  computed  as  3.1  Inches  at  45 
milliseconds.  In  addition.  The  permanent  deflection  of  this  beam,  2.2 
Inches,  compares  very  well  with  the  analytical  residual  deflection  of 
2.4  Inches.  The  computed  resistance-displacement  diagram  for  beam  C-1 
is  shown  in  Figure  55. 

There  is  also  a  reasonably  good  agreement  between  the  measured 
values  for  the  dynamic  reaction  (support  shear  force)  and  the 
analytical  dynamic  reaction  using  the  procedure  proposed  In  this 
study.  The  peak  dynamic  force  was  measured  as  19  kips  at  15 
milliseconds  (Figure  C-1  in  Appendix  C) .  The  peak  computed  support 
reaction  Is  17.4  kips  and  at  13.8  milliseconds  (Figure  56). 
Furthermore,  the  analytical  reaction- time  history  shown  in  Figure  56 
is  not  considerably  different  from  the  measured  response  (Figure  C-1 
in  Appendix  C) ,  indicating  for  the  effectiveness  of  the  formulation 
proposed  in  this  study. 

Plots  of  moment -curvature,  load-deflection,  velocity  and 
acceleration  time  histories  for  the  midspan  point  of  beam  C-1  are  j 
presented  in  Figures  C-3  through  C-6  in  Appendix  C. 

b.  Analysis  of  Beam  H-1 

The  analytical  load-time  history  and  the  experimental  Impact 
loading  for  beam  H-1  are  shown  in  Figures  57  and  C- 7 irrespectively .  The 
analytical  midspan  displacement  response  is  shown  in  Figure  58. 

Again  the  agreement  between  the  peak  measured  displacement  and  the 
peak  computed  displacement  is  very  good.  The  maximum  measured 
displacement  was  8.9  inches  and  recorded  at  58  milliseconds  (Figure  C- 
8  in  Appendix  C) .  In  the  analysis,  the  peak  displacement  of  8.5  inches 
is  reached  at  62  milliseconds.  The  agreement  between  the  experimental 
and  the  analytical  values  for  the  residual  deformation  is  also  good. 
The  experimental  value  for  the  pitmanent  deformation  was  reported  to 
be  7.5  inches  which  compared  well  with  the  analytic  result  of  6.8 
inches,  as  illustrated  by  the  resistance -displacement  plot  shown  in 
Figure  59. 

The  measured  and  the  computed  results  for  the  dynamic  support 
reaction  of  beam  H-1  were  also  in  agreement.  The  maximum  measured 
dynamic  reaction  was  19  kips  and  recorded  at  16.7  milliseconds  (Figure 
C-7  in  Appendix  C) .  From  Figure  60,  it  can  be  seen  that  the  peak 
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Figure  53.  Applied  Load  Versus  Time  for  Beam  C-1 
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Figure  54.  Midspan  Displacement  Versus  Time  for  Beam  C-1 
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Figure  55.  Resistance  Versus  Displacement  for  Beam  C-1 


Figure  56.  Support  Reaction  Versus  Time  for  Beam  C-1 
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Figure  57.  Applied  Load  Versus  Time  for  Bean  H-1 
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Figure  58.  Midspan  Displacement  Versus  Time  for  Beam  H-1 
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Figure  59.  Resistance  Versus  Displacement  for  Beam  H-1 
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Figure  60.  Support  Reaction  Versus  Time  for  Beam  H-1 
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dynamic  reaction  of  19  kips  is  reached  at  approximately  11 
milliseconds.  By  comparing  the  results  in  Figures  60  and  Figure  .C-7, 
equally  good  agreements  between  the  computed  and  the  measured  * 
reaction-time  curves  is  also  noticed  for  this  beam. 

The  analytic  results  for  the  moment -curvature,  load-deflection, 
velocity  and  acceleration  time  histories  for  beam  H-1  can  be  found  in 
Figures  C-9  throu^  C-12  in  Appendix  C. 

c.  Analysis  of  Beam  J-1 

Figures  61  and  C-13  show  the  analytical  and  the  experimental 
loading  functions  for  beam  J-1.  The  experimental  and  the  computed  mid¬ 
span  deflections -time  diagrams  are  given  in  Figures  62  and  C-14, 
respectively.  The  peak  deflection  obtained  from  the  analytic  model  is 
0.63  inches  at  40  milliseconds.  These  values  agree  with  the  measured 
data,  0.76  inches  at  at  a  time  of  32  milliseconds,  as  shown  in  Figure 
C-14.  The  computed  permanent  deflection  for  this  beam  is  0.32  Inches 
(Figure  63)  which  is  very  close  to  the  measured  residual  displacement 
of  0.3  inches. 

Figures  64  and  C-13  show  the  analytic  and  the  experimental  result 
for  the  dynamic  shear  force  at  the  support.  The  maximum  shear  force  at 
the  support  was  computed  as  13.2  kips  (Figure  64).  This  value  does  not 
agree  well  with  the  peak  measured  shear  force  of  19  kips  (Figure  C- 
13).  But,  the  computed  time  to  the  maximum  shear  force  is  21 
milliseconds,  which  is  nearly  the  same  as  the  experimental  time  of  22 
milliseconds.  Figures  C-15  through  C-18  Illustrate  the  results  for 
this  case. 

d.  Analysis  of  Beam  G-1  and  I-l 

Unforunately,  because  of  an  instrumentation  failure,  the 
experimental  load  function  for  Beam  G-1  was  not  recorded  in  Keference 
77.  Instead,  the  load  pulse  for  this  beam  was  estimated  by  the  authors 
in  Reference  77  from  chamber  pressures  and  trigger  settings  data,  as 
shown  in  Figure  C-19.  The  analysis  for  this  beam  was  performed  using 
the  estimated  step  pulse  (Figure  65)  and  the  computed  midspan 
displacement- time  results  are  shown  in  Figure  66.  Unlike  the  previous 
cases,  the  analytic  results  for  this  case  do  not  agree  with  the 
measured  data.  The  computed  peak  displacement  of  1.9  inches  (Figure 
66)  is  considerably  different  from  the  measured  peak  deflection  of  4.2 
inches  (Figure  C-20).  Similarly,  the  computed  residual  deflection  of 
0.71  inch  disagreed  with  the  measured  value  of  3.0  inches. 

From  the  experimental  loading  data  of  the  previous  three  cases, 
i.e.,  beams  C-1,  H-1,  and  J-l,  it  seems  that  assuming  a  perfect 
rectangular  step  pulse  for  beam  G-1  was  really  not  well- justified. 
Moreover,  because  there  is  no  reason  to  believe  that  the  estimated 
magnitude  of  the  applied  load  for  beam  G-1  is  the  same  as  the  actual 
dynamic  load  applied  to  this  beam,  gross  disagreement  between  the 
analytic  result  and  the  measured  data  is  not  surprising.  This  example 
shows  that  regardless  of  the  analytic  technique,  Inadequate 
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Figure  62.  Midspan  Displacement  Versus  Time  for  Beam  J-1 
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Figure  63.  Resistance  Versus  Displacement  for  Beam  J-1 


Figure  64.  Support  Reaction  Versus  Time  for  Beam  J-1 
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Figure  65.  Applied  Load  Versus  Time  for  Beam  G-1 
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description  of  the  applied  load  can  effectively  Induce  gross  errors  in 
the  results.  A  correct  knowledge  of  the  applied  load  Is  a  prerequisite 
for  successful  analysis  of  structures. 

Figure  67  shows  the  analytic  load  for  beam  1-1,  as  obtained  from 
the  experimental  data  given  in  Figure  C-21.  As  mentioned  earlier,  the 
experiment  on  beam  I-l  was  disrupted  (to  protect  the  equipment  from 
damage)  by  limiting  the  midspan  deflection  of  the  beam  by  a  wooden 
block  placed  directly  below  the  midspan  point.  Therefore,  the 
experimental  data  recorded  beyond  that  point  (see  beam  hit  stop  in 
Figure  C-21),  Including  the  measured  peak  and  the  permanent 
displacement,  could  not  be  considered  valid.  The  result  of  the 
analysis  for  this  beam  indicates  the  occurrence  of  a  flexural  failure 
as  a  result  of  extensive  crushing  of  concrete  at  a  displacement  of 
approximately  9.5  inches  at  65  milliseconds,  as  shown  in  Figure  68. 
Interestingly  enough,  these  values  agree  closely  with  the  measured 
deflection  of  10  inches  at  a  time  of  72  milliseconds,  when  the  beam 
came  in  contact  with  the  wooden  block  (Figure  C-22).  Therefore,  it 
would  be  reasonable  to  conclude  that  if  the  wooden  block  was  not 
present,  the  beam  would  have  failed  during  the  experiment. 

Measured  and  analytical  results  for  the  peak  displacement, 
maximum  response  time,  and  the  permanent  deflections  of  the  above  five 
beams  are  summarized  in  Table  4.  It  can  be  seen  that  there  is  good 
agreement  between  the  experimental  data  and  the  computed  values  for 
all  specimen  of  this  test  series  with  the  exception  of  beam  C-1,  for 
which  an  accurate  description  of  the  Impact  load  was  not  available. 
Considering  the  wide  range  of  uncertain  variables  involved,  the 
agreement  between  the  measured  data  and  the  computed  values  is  a 
convincing  demonstration  of  the  effectiveness  of  the  present 
procedure.  Measured  and  computed  results  for  the  peak  magnitude  and 
the  response  time  of  the  dynamic  reactions  are  listed  in  Table  5. 

In  view  of  the  inherent  limitations  of  an  equivalent  SDOF  system,  and 
the  uncertainties  Involved  in  the  analysis,  the  results  seem  quite 
satisfactory  for  all  practical  purposes. 

2.  Analysis  of  Reinforced  Concrete  Walls  Subjected  to  Localized 
Blast  Loads 

This  analysis  is  based  on  the  experiments  conducted  at  the  U.S. 
Army  Waterways  Experiment  Station,  sponsored  by  the  U.S.  Air  Force 
Engineering  and  Services  Center  (Reference  78).  In  that  study,  a 
number  of  one-half  scale  model  tests  were  conducted  against  simulated 
reinforced-concrete  wall  sections  using  cylindrical  charges.  These 
tests  were  performed  in  two  series.  In  the  first  series,  six  walls 
were  tested,  two  of  which  were  transversely  reinforced  with  dowels  and 
in  one  case.  Test  1-5,  the  experimental  results  were  not  provided  in 
Reference  78.  Therefore,  only  structures  I-l,  1-2,  and  1-6  are 
analyzed  here.  In  the  second  series,  the  tests  were  mostly  aimed 
towards  investigating  methods  to  control  concrete  spalling.  Therefore, 
three  of  the  walls  used  spall  plates,  two  walls  had  berms  of  silty 
sand  placed  against  the  exterior  face,  and  the  remaining  of  the  walls 
in  this  series  had  very  deep  cross  sections,  and  thus,  would  not  fall 
within  the  assumptions  and  capabilities  of  the  present  approach. 
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Figure  68.  Midspan  Displacement  Versus  Time  for  Beam  I-l 
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table  4.  RESULTS  OF  DYNAMIC  ANALYSIS  FOR  BEAMS  OF  REFERENCE  77 


Beam  Peak  Deflection  Peak  Response  Time  Permanent  Deflection 
(Inches)  (Milliseconds)  (Inches) 


Measured 

Computed 

Measured 

Computed 

Measured  Computed 

C-1 

3.0 

3.1 

50 

45 

2.2 

2.4 

H-1 

8.9 

8.5 

58 

62 

7.5 

6.8 

J-1 

.76 

.63 

32 

40 

.3 

.32 

G-1* 

4.2 

1.9 

67 

40 

3.0 

.71 

I-l^ 

10. 

9.5 

72 

65 

— 

— 
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TABLE  5.  RESULTS  OF  DYNAMIC  ANALYSIS  FOR  BEAMS  OF  REFERENCE  77 


Beam  Peak  Dynamic  Reaction  Peak  Response  Time 

(Kips)  (Milliseconds) 

Measured  Computed  Measured  Computed 


C-1 

19. 

17.4 

15. 

13.8 

H-1 

19. 

19. 

16.5 

11.1 

J-1 

19. 

13.2 

22. 

22. 

G-1* 

21.5 

22.1 

12. 

6.3 

I-l** 

20. 

20.5 

17.6 

18. 

*  Computed  results  based  on  estimated  load  pulse 

Beam  deflection  stopped  by  wooden  block  in  experiment. 
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Tables  D-1  and  D-2  in  the  Appendix  provide  the  material  and 
geometric  properties  of  the  three  walls,  and  Figures  D-1  and  D-2  show 
the  reinforcement  detail  of  the  three  test  structures  analyzed  here. 
The  wall  slabs  were  reinforced  symmetrically  and  had  dimensions  of  65 
inches  (165  cm)  in  length,  158  inches  (400  cm)  in  width,  and  12.6 
inches  (32  cm)  in  height.  The  reinforcement  ratio  was  0.01,  0.005,  and 
0.0025  for  slabs  I-l,  1-2,  and  1-6,  respectively.  Unfortunately, 
sufficient  data  for  some  of  the  specific  properties  of  flexural 
reinforcement  (l.e.,  strain  at  the  initiation  of  work  hardening  and  at 
the  ultimate)  was  not  g.vrtin  in  Reference  78.  Based  on  the  yield  data 
for  the  reinforcement,  those  values  are  estimated  as  0.025  and  0.25, 
respectively.  In  addition,  the  ultimate  stress,  f ^ ,  for,  the 
longitudinal  reinforcement  of  beam  I-l  was  not  provided  and  here  it 
''as  assumed  equal  to  the  corresponding  values  in  the  other  two  slabs 
(115  ksi) .  It  must  be  noted  that  data  given  in  Reference  78  was  in 
metric  (SI)  units  and  therefore,  it  had  to  be  converted  to  the  U.S. 
customary  units  for  the  purpose  of  the  computations. 

In  order  to  reduce  the  rigid  body  motion  of  the  box- type  test 
structures,  they  were  fastened  to  a  reaction  structures  before 
testing.  The  reaction  structure  consisted  of  an  L  shaped  reinforced 
concrete  structure  in  which  the  test  structure  was  placed,  and  six 
large  ancrete  filled  blocks,  as  shown  in  Figure  D-3  in  Appendix  D. 

The  explosive  device  used  was  the  same  for  each  test,  and  it  was 
placed  vertically  on  the  ground  surface  at  some  unspecified  distance 
from  the  test  wall.  Each  test  was  instrumented  to  record  the  blast 
pressure  loading  on  the  slab  and  structural  motion  data,  including  the 
deflection  of  the  wall  slab  at  the  midheight. 

Although  the  same  charge  was  used  in  all  tests,  there  was  a 
considerable  scatter  in  the  recorded  pressure  data,  particularly  at 
the  high-pressure  region  on  the  lower  half  of  the  wall.  The  localized 
peak  pressure  occurs  almost  at  the  midheight  of  the  bottom  half  of 
the  wall,  and  it  varies  significantly  from  one  test  to  another  as 
shown  in  Figure  D-4.  There  was  also  a  tremendous  amount  of  variability 
in  the  distribution  of  the  recorded  pressure  data  at  other  times. 
Figure  D-5  shows  the  distribution  of  the  pressures  along  the  height  of 
the  wall  at  various  times,  and  Figure  D-6  shows  the  spatial 
distribution  of  the  pressure  at  0.6  millisecond  (almost  the  average 
arrival  time  for  these  cases)  after  the  detonation.  Due  to  the 
uncertainties  with  regard  to  the  magnirude  and  distribution  of  the 
applied  load,  the  use  of  advanced  techniques  for  the  computation  of 
the  total  applied  force  is  really  not  justified.  Instead,  it  was 
decided  to  compute  the  magnitude  and  the  duration  of  the  applied  force 
based  on  the  average  recorded  data,  and  simple  assumptions  with 
respect  to  the  spatial  distribution  of  the  applied  pressures,  as 
presented  next. 

Since  the  peak  pressures  along  the  height  of  the  wall  do  not 
occur  at  the  same  time ,  the  peak  force  can  be  obtained  by 
approximately  evaluating  the  volume  of  the  "pressure  solid" .  The 
"pressure  solid"  consists  of  one  half  of  an  elliptic  cone  (upper 
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portion),  and  a  wedge  with  a  rectangular  base  (lower  portion)  as  shown 
in  Figure  D-6.  The  intensity  of  the  applied  pressure  at  the  peak  point 
of  the  solid  and  at  the  base  of  the  wall  are  taken  from  the  average 
recorded  data  as  58  and  50  Mpa,  respectively  (Figure  D-4  in  Appendix 
D) .  Therefore,  the  average  magnitude  of  the  peak  applied  force  can  be 
computed  as  follows: 

1.  Compute  Volume  1  :  The  "pressure  solid"  is  assumed  as  one  half 
of  a  cone  with  an  elliptic  base  for  which  the  lengths  of  the 
major  and  minor  axis  are  1200  mm  and  500  mm> respectively 
(Figure  D-6). 

Vj-  (0.5)(0.333)(58)(ir)(1200  mm)(500)  -  18221  KN  (150) 

2 .  Compute  Volume  2  :  The  pressure  solid  is  a  wedge  with  a 
rectangular  base  area.  The  dimensions  of  the  base  are 
approximately  2400  and  200  mm  along  the  major  and  minor  axis, 
respectively  (Figure  D-6). 

Vj  -  (0.5)(0.5)(58+50)(200  mm)(2400  mm)  -  12960  KN  (151) 

3.  Compute  total  applied  force  : 

F  -  +  Vj  -  18221  +  12960  -  31181  KN  «  7000  kips  (152) 

The  centroid  of  the  applied  force  is  computed  to  be  approximately  250 
mm  (10  inches)  from  the  base  of  the  wall. 

The  duration  of  the  applied  load  is  again  taken  from  the  same 
average  pressure  data  recorded  on  the  walls.  Referring  to  Figures  D-7 
and  D-8  in  Appendix  D,  the  average  duration  of  loading  is 
approximately  the  sum  of  the  average  duration  of  positive  pressure 
(approximately  1.5  milliseconds  in  Figure  D-7  )  and  the  time 
difference  between  the  average  time  of  measured  arrival  at  the  top  and 
the  bottom  of  the  wall  (approximately  0.5  milliseconds).  Thus,  the 
average  loading  duration  of  approximately  2  millisecond  is  assumed  in 
the  analysis  with  a  triangular  variation  of  force  with  time,  as  shown 
in  Figure  69. 

Clearly,  the  preceding  computations  is  only  an  approximation  of 
the  actual  applied  load  function.  But,  considering  the  uncertainties 
associated  with  the  magnitude  and  the  distribution  of  the  applied 
load,  employing  any  other  complex  technique  does  not  necessarily  seem 
to  present  a  more  accurate  formulation.  Nevertheless,  in  the  future 
one  could  consider  employing  a  reliable  spatial  pressure- time 
function. 

The  procedure  for  the  analysis  of  these  walls  followed  along  the 
same  line  as  before.  The  boundary  conditions  at  both  ends  of  the  wall 
were  assumed  to  by  fully  restrained  against  rotation  and  translation. 
Because  of  the  high  rate  of  loading,  a  30  percent  enhancement  on  the 
stress  properties  of  the  reinforcing  steel  and  concrete  was  assumed. 
The  mass  of  a  typical  wall  was  computed  using  the  average  normal 
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Figure  69.  Load-Time  History  for  Walls  II,  12,  and  16 
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weight  for  reinforced  concrete  (150  pcf ) .  And,  2  percent  external 
damping  ratio  was  used  in  the  analysis  of  the  three  walls,  as 
presented  next . 

The  analytic  results  for  each  wall  are  presented  by  midspan 
deflection- time  and  velocity-time  histories  for  which  the  critical 
values  are  compared  with  the  available  experimental  data.  Additional 
analytic  results  including  moment -curvature  relationship,  load- 
deflection  diagram,  resistance-displacement  curve,  acceleration- time 
history,  support  shear  forcing  function,  and  support  shear  resistance - 
displacement  diagram  are  provided  in  Appendix  D  for  each  case. 

1.  Analysis  of  Wall  1-1 

Figures  70  and  71  show  the  results  for  the  analytical  deflection 
and  velocity- time  histories  at  themidspan  of  wall  I-l.  The  peak 
deflection  obtained  from  the  analytic  model  is  0.34  Inches  at  3.2 
milliseconds .  These  values  are  in  fair  agreement  with  the  measured 
data,  0.5  inch  at  a  time  of  3.2  milliseconds,  as  shown  in  Figure  D-9. 
The  computed  permanent  deflection  for  this  beam  is  0.13  Inches  which 
agrees  closely  with  the  measured  residual  displacement  of  0.13  inches. 
The  peak  computed  velocity  for  this  beam  is  237  inches/sec.  which  is 
also  in  good  agreement  with  the  experimental  value  of  256  inches/sec. 

2.  Analysis  of  Wall  1-2 

Figures  72  and  73  present  the  analytic  result  of  displacement- 
and  velocity-time  histories  at  the  midspan  of  Wall  1-2.  The  measured 
and  the  computed  results  for  the  peak  displacement  are  in  good 
agreement.  The  maximum  measured  displacement  was  0.85  inches  and 
recorded  at  6  milliseconds  (Figure  D-10  in  Appendix  D) .  From  Figure 
72,  it  can  be  seen  that  the  computed  peak  deflection  of  0.72  inch  was 
reached  at  approximately  4.2  milliseconds.  The  computed  permanent 
deformation  of  0.38  inch  was  also  in  good  agreement  with  the 
experimental  data  of  0.33  inch.  The  peak  velocity  of  this  beam  was 
measured  as  315  Inches  which  compared  well  with  the  computed  value  of 
358  Inches/sec  (Figure  73). 

3.  Analysis  of  Wall  1-6 

The  computed  deflection  and  velocity  responses  of  wall  1-6  are 
given  in  Figures  74  and  75,  respectively.  The  agreement  between  the 
peak  measured  and  computed  midspan  deflection  is  very  good  in  this 
case.  The  maximum  measured  displacement  was  1.52  inches  and  recorded 
at  12.4  milliseconds  (Figure  D-11  in  Appendix  D) .  In  the  analysis,  the 
computed  peak  displacement  was  1.52  inches,  but  it  was  reached  at  6.7 
milliseconds.  The  agreement  between  the  experimental  and  the  analytic 
values  for  the  residual  deformation  is  also  good.  The  experimental 
value  for  the  permanent  deformation  was  reported  to  be  approximately 
0.66  inch  which  compared  well  with  the  analytic  result  of  0.68  inch. 
The  maximum  computed  velocity  of  394  inches/sec.  also  compared  well 
with  the  measured  value  of  479.  inches/sec. 
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Figure  70.  Midspan  Displacement  Versus  Time  for  Wall  I-l 
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Figure  73.  Mldspan  Velocity  Versus  Time  for  Uall  1-2 
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Figure  74,  Midspan  Displacement  Versus  Time  for  Wall  1-6 


Table  6  presents  the  sxunmary  of  the  analysis  for  the  three  walls 
examined  here.  Considering  all  the  uncertainties  Involved  with  the 
Input  Information  data  and  all  assumptions  employed  In  the  present 
approach,  the  analytic  results  are  generally  within  reasonable 
agreement  of  the  experimental  values.  It  can  be  seen  that  the  peak 
deflection  response  values  are  close  for  all  three  walls.  Permanent 
structural  deflection  Is  a  good  measure  of  the  structural  damage,  and 
In  all  three  cases  the  computed  and  the  measures  residual  deflections 
compare  well  with  one  another.  Furthermore,  the  fact  that  the  computed 
peak  response  time  Is  always  less  that  the  measured  value  Is  an 
Indication  that  the  assumed  approximation  for  the  time  and  spatial 
distribution  of  forcing  function  Is  not  quite  consistent  with  the 
actual  loading  data.  In  general,  the  experimental  and  the  analytic 
values  for  the  peak  velocity  response  are  also  In  good  agreements. 

Unfortunately,  because  of  stress  wave  transmission  through  the 
concrete,  adequate  data  on  the  measured  structural  accelerations  were 
not  recorded  during  the  tests.  However,  the  computed  mid-span 
acceleration  for  walls  I-l,  1-2,  and  1-6  are  provided  In  Figures  D-15, 
D-21,  and  D-27.  In  addition,  experimental  obseirvatlons  In  Reference  78 
Indicated  that  In  all  cases  structural  shearing  response  was  highly 
localized  and  mostly  confined  to  the  lower  region  of  the  wall,  near 
the  floor  connection.  The  analytic  results  for  the  support  shearing 
deformation,  based  on  Hawkins  direct  shear  resistance  mechanism  as 
discussed  In  Section  III,  suggest  a  similar  conclusion  as  reflected  In 
Figures  D-16  and  D-17  for  I-l,  Figures  D-22  and  D-23  for  1-2,  and 
Figures  D-28,  D-29  for  1-6  In  Appendix  D.  But,  since  no  experimental 
data  on  the  shear  deflections  were  collected,  quantitative  comparisons 
between  test  values  and  the  computed  results  are  not  possible. 
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TABLE  6.  RESULTS  OF  DYNAMIC  ANALYSIS  FOR  WALLS  OF  REFERENCE  78 


Wall  Peak  Deflection 
(Inches) 

Peak  Response  Time 
(Milliseconds) 

Permanent  Deflection 
(Inches) 

Measured  Computed 

Measured  Computed 

Measured  Computed 

I-l 

0.50 

0.34 

1-2 

0.85 

0.72 

1-6 

1.52 

1.52 

4.5  3.2 
6.0  4.2 
12.4  6.7 


0.13  0.13 
0.33  0.38 
0.66  0.68 


TABLE  6  (Continued) 


Beam 

Peak  Mid-Span  Velocity 

(In./  Sec.) 

• 

Measured 

Computed 

1-1 

256 

235 

1-2 

315 

358 

1-6 

394 

479. 
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SECTION  V 

SUMMARY,  CONCLUSIONS,  AND  RECOMMENDATIONS 


A.  SUMMARY 

The  analytical  procedure  developed  herein  is  aimed  at  a  better 
understanding  of  reinforced  concrete  structural  elements  and  complete 
systems  under  severe  localized  loads  in  the  static  and  dynamic 
domains.  Furthermore,  the  goal  was  to  develop  a  reliable  and  efficient 
computational  approach  for  the  analysis  of  such  systems. 

1.  Static  Domain 

In  the  static  domain,  modified  analytical/empirical  methods 
are  developed  for  studying  the  behavior  of  reinforced  concrete  beams 
and  beam- columns  under  the  combined  influence  of  flexure,  shear,  and 
axial  compressive  forces.  The  computational  procedure  employs  explicit 
relationships  between  these  mechanisms  for  evaluating  structural 
element  behavior  at  any  stage  of  its  existence.  The  numerical 
procedure  consists  of  two  parts.  In  the  first  part,  the  moment- 
curvature  diagram  of  the  cross  section  is  computed,  based  on  the 
assumption  of  linear  strain  distribution  in  the  cross  section,  and 
accurate  description  of  stress-strain  relationships  for  the  materials. 
The  moment -curvature  relationship  was  modified  to  represent  the 
influence  of  shear  and  axial  forces  on  the  flexural  response.  The 
formation  of  plastic  hinges,  and  the  implementation  of  rational 
failure  criteria  for  defining  the  behavior  of  the  structural  element 
at  the  ultimate  condition  were  also  considered.  In  the  second  part, 
the  load- deflection  relationship  and  the  deformed  shape  of  the 
structural  element  are  computed  from  the  modified  moment -curvature 
formulation  by  numerical  integration.  Here,  the  development  of  the 
analytical  technique  was  aimed  towards  obtaining  a  quantitative 
description  of  the  behavior  of  the  structure  from  the  onset  of  loading 
to  the  ultimate  failure  condition.  The  proposed  step-by-step 
computational  procedure  accounts  for  the  nonlinear  distribution  of 
curvatures  on  the  span  as  well  as  the  possibility  of  nonlinearities 
associated  with  the  support  conditions. 

The  theoretical/empirical  model  created  for  the  influence  of 
transverse  reinforcement  on  the  flexural  behavior  of  the  element 
considers  the  behavior  of  deep  and  slender  beams.  The  present  shear 
model  is  primarily  based  on  the  truss  mechanism  analogy,  and  extensive 
test  results,  as  reported  in  the  literature. 

A  central  issue  addressed  herein  was  the  adoption  of  rational 
failure  criteria  for  defining  the  transition  of  each  structural  member 
into  the  ultimate  capacity  stage.  Fdr  ductile  (under -reinforced) 
members,  these  criteria  were  characterized  by  the  ultimate  strains  of 
reinforcement,  unconfined,  and  confined  concrete.  For  brittle  cases, 
the  peak  flexural  moment  was  employed  for  defining  the  transition  into 
failure.  Attention  was  given  to  a  careful  definition  of  the  boundary 
conditions  (linear,  or  nonlinear)  which  represented  the  effects  of  the 
adjoining  structural  elements  on  the  response  of  the  individual 
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member.  Also,  the  formation  of  plastic  hinges  was  monitored  closely  in 
order  to  capture  the  behavioral  variations  through  the  nonlinear 
domain. 

2 .  Dynamic  Domain 

The  concept  of  an  equivalent  SDOF  system  was  adopted  for  the 
dynamic  analysis  of  reinforced  concrete  elements  subjected  to  short 
impulsive  excitations.  The  approach  for  computing  load- deflection 
relationships  was  modified  for  the  dynamic  analysis  to  include  rate 
effects  on  material  properties ,  and  to  incorporate  mechanisms  for 
energy  dissipation  and  stiffness  deterioration  of  the  reinforced 
concrete  element.  In  addition,  the  study  treated  the  derivation  of  the 
SDOF  parameters,  such  as  mass  factor,  load  factor,  and  the  Inertia 
factor  by  computing  them  from  the  deflected  shape  at  every  step  for 
any  combination  of  transverse  and  rotational  boundary  conditions.  This 
approach  allows  one  to  overcome  the  computational  difficulties 
encountered  with  material  nonlinearities  in  dynamic  analysis. 

Another  important  topic  treated  herein  was  the  Influence  of 
direct  shear  on  the  behavior  of  the  element  when  subjected  to  high 
Intensity  dynamic  excitations.  For  this  purpose,  an  approximate 
procedure  has  been  developed  for  computing  the  dynamic  transverse 
forces  at  critical  locations .  These  forces  were  combined  with  an 
existing  direct  shear  resistance  function,  and  implemented  into  the 
second  SDOF  system  for  the  evaluation  of  the  shearing  response  at 
critical  locations.  Here  too,  failure  criteria  were  employed  for 
capturing  the  ultimate  response. 

3 .  Results 

The  analytical/numerical  model  was  employed  for  analyzing  29 
beams  and  beam-columns  under  static  conditions.  These  cases  were 
examined  experimentally  be  other  investigators  and  consisted  of  nine 
beams  that  were  tested  by  Burns  and  Siess  (Reference  1),  nine  beams 
from  the  experimental  investigation  by  Br«sler  and  Scordells 
(Reference  36),  and  11  beam-columns  from  an  experimental  study  by 
Yamashlro  and  Siess  (Reference  17).  All  29  structural  elements* 
considered  in  this  study  were  simply  supported  rectangular  reinforced 
concrete  members  loaded  laterally  at  their midspan  by  a  single 
concentrated  force.  Numerical  results  at  collapse  for  the  29  beams 
indicated  that  the  mean  ratio  of  the  computed  to  the  measured  collapse 
load  is  0.99  with  a  deviation  of  about  5  percent.  The  mean  ratio  of  the 
computed  deflection  to  the  measured  deflection  at  collapse  was  0.95 
with  a  deviation  of  12-percent.  The  predicted  moment-curvature  and  load- 
deflection  relationships  for  these  structural  elements  illustrate  that 
the  present  approach  seems  to  simulate  the  experimental  observations 
accurately. 

To  demonstrate  the  effectiveness  of  the  analytical  model  for 
the  dynamic  problems ,  two  groups  of  experimental  dynamic  cases  were 
also  analyzed.  The  first  group  consisted  of  five  reinforced  concrete 
beams  subjected  to  localized  Impact  loads  that  were  tested  by  Feldman 
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and  Siess  (Reference  77).  In  general,  the  results  for  these  beams  were 
in  good  agreement  with  the  measured  experimental  data.  In  nearly  all 
cases,  the  predicted  peak'^mldspan  dynamic  displacement  and  the  ■ 
residual  (permanent)  deflection  agreed  closely  with  the  available 
reported  data.  In  addition,  the  computed  and  measured  results  for 
dynamic  reactions,  particularly  the  peak  magnitude  of  the  support 
shear  force,  were  adequately  close.  This  is  an  apparent  indication  of 
the  effectiveness  of  the  approximate  procedure  developed  for  computing 
the  dynamic  transverse  force  at  the  supports. 

The  second  group  of  elements  consisted  of  three  reinforced 
concrete  wallr  that  were  subjected  to  nearby  cylindrical  explosive 
charges  (Reference  78).  Because  of  the  uncertain  nature- of  loading  as 
such,  the  agreement  between  the  computed  values  with  the  measured 
responses  were  not  as  close  as  the  beams  of  the  first  group.  In  two 
cases,  the  analytical  peak  midspan  deflection  compared  well  with  the 
measured  data,  and  the  measured  and  computed  values  for  the  permanent 
mid-span  deflections  and  velocities  compared  reasonably  well  with  the 
measured  values  in  all  cases. 

B.  CONCLUSIONS 

The  following  conclusions  are  drawn  as  a  result  of  the  present 
study. 

1.  The  analytical/numerical  method  presented  here  can  be  used 
successfully  for  predicting  the  complete  load-deflection 
behavior  of  rectangular  reinforced  concrete  structural  elements 
under  the  combined  action  of  bending,  shear  and  axial  force. 

The  analytical  results  indicated  that  the  incorporation  of  the 
combined  effects  of  bending,  shear  and  axial  compressive  force 
into  such  simple  and  yet  accurate  model  can  provide  results 
that  are  in  good  agreement  with  the  available  experimental  data 
at  all  stages  of  loading  up  to  failure.  The  overall  adequacy  of 
results  confirms  the  assumptions  regarding  the  stress -strain 
relationships  for  concrete  and  steel  employed  in  the  present 
analysis.  The  present  approach  can  be  employed  with  similar 
success  for  the  analysis  of  two-way  reinforced  concrete  slabs, 
as  demonstrated  in  other  studies  (References  54  through  57). 

2.  The  proposed  behavioral  model  for  the  effect  of  shear  in 
reducing  the  ultimate  flexural  capacity  of  the  beams  improved 
the  results  significantly.  It  was  noticed  that  the  influence  of 
shear  reinforcement  on  the  flexural  capacity  of  slender 
rectangular  and  T  reinforced  concrete  beams  was  represented 
more  accurately  as  a  function  of  Ja/&,  while  for  deep 
rectangular  beams  it  seem  to  depend  on  a/d.  This  could  be  an 
important  fact  which  further  Illustrates  the  difference  in 
behavior  between  slender  and  deep  beams.  Results  were  in  good 
agreement  with  experimental  findings  and  reconfirmed  that  the 
lack  of  an  adequate  amount  of  web  reinforcement  would  reduce 
the  ultimate  strength  of  the  member. 
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3.  The  method  seems  to  simulate  accurately  experimental  load- 
deflection  data  for  reinforced  concrete  beams  and  beam-columns. 
The  adequacy  of  the  results  for  the  29  cases  examined  here  Is  a 
convincing  Indication  of  the  assumptions  about  the  failure 
criteria  and  the  formation  and  propagation  of  plastic  hinges 
employed  In  the  present  model.  In  addition,  Inclusion  of  the 
second  order  nonlinear  effect  caused  by  the  axial  compressive 
force  enhanced  the  accuracy  of  the  numerical  results  for  the 
beam- columns . 

4.  The  application  of  the  method  developed  In  this  study  to 
analyzed  reinforced  concrete  elements  under  Impulsive  dynamic 
excitation  has  also  been  proven  effective.  The  equivalent  SDOF 
Is  a  simple,  Inexpensive,  and  accurate  tool  for  evaluation  of 
the  structural  response.  If  accurate  behavioral  models  are 
employed.  In  nearly  all  cases  examined  here,  the  predicted 
structural  damage,  as  reflected  by  the  permanent  deformations, 
agreed  closely  with  the  experimental  observations.  Thus, 
demonstrating  the  validity  of  the  proposed  dynamic  resistance 
function.  In  general,  the  agreement  between  the  measured  and 
the  predicted  peak  displacements  was  also  good.  Indicating  that 
the  proposed  approximate  procedure  for  computing  the  parameters 
of  the  nonlinear  SDOF  system  Is  Indeed  effective. 

5.  Considering  the  inherent  limitations  in  employing  a  SDOF 
system,  the  proposed  approximate  model  for  predicting  the 
dynamic  support  shear  forces  at  the  supports  is  effective.  The 
agreement  between  the  peak  magnitude  of  the  measured  and 
predicted  shear  forces  shows  that  the  approximate  approach  can 
provide  satisfactory  results  for  all  practical  purposes. 

6.  The  procedure  developed  here  for  computing  the  response  of 
reinforced  concrete  structural  elements  can  be  used  with  great 
confidence,  so  long  as  the  magnitude  and  the  time  variation  of 
the  applied  dynamic  load  is  known  with  reasonable  certainty. 
Whenever  experimentally  applied  loads  were  known,  agreements 
between  the  measured  and  computed  response  were  very  close.  On 
the  other  hand,  for  cases  with  less  reliable  loading 
Information,  the  computed  results  deviated  from  the  measures 
values . 

C.  RECOMMENDATIONS  FOR  FUTURE  STUDIES 

In  order  to  develop  more  reliable  analysis  and  design  method,  the 
following  recommendation  are  suggested  as  ways  that  the  analytical 
model  could  be  Improved. 

1.  Experiments  should  be  conducted  to  obtain  a  more  accurate 
description  of  the  localized  blast  loads.  Presently,  the 
available  information  on  the  pressures  generated  from  the 
detonation  of  cylindrical  charges  reflect  considerable  scatter 
In  the  data. 
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2.  Controlled  test  series  should  be  performed  for  studying  the 
mechanics  of  failure  under  localized  loads .  The  issues  to  be 
addressed  should  include  the  effect  of  concrete  strength, 
transverse  reinforcement,  bond  slip  of  the  reinforcement,  rate 
of  straining,  and  the  loading  condition  on  the  local  shear 
resistance  of  the  structural  elements. 

3 .  The  development  of  reliable  structural  models  for  predicting 
the  response  of  connections  when  the  structural  element  is 
subjected  to  high  intensity  dynamic  excitation  is  very 
important.  That  Information  can  subsequently  be  combined  with 
the  present  formulation  in  order  to  obtain  a  more  realistic 
assessment  of  the  complete  structural  system  response. 

4.  The  development  of  similar  approximate  techniques  for  analysis 
of  other  types  of  structural  elements,  such  as  arches, 
cylinders,  closures,  etc.,  is  also  important.  In  addition,  the 
present  approach  could  be  adopted  for  studying  the  equipment- 
structure  interaction  under  high  intensity  dynamic  pressures. 
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TABLE  A-1.  RECTANGULAR  DEEP  BEAM  PROPERTIES  AND  THE 

INCLINATION  OF  THE  CONCRETE  COMPRESSION  DIAGONAI^ 
AT  ULTIMATE 


Beam 

(psi) 

p"f” 

(psi) 

P* 

a 

d 

P  d 

O 

a 

mi 

3388 

180 

3.09 

1.95 

6.02  ' 

16.70 

m2 

3680 

180 

2.97 

1.95 

5.97 

18.80 

m3 

3433 

180 

3.07 

1.95 

5.99 

16.71 

m4 

3380 

180 

3.09 

1.95 

6.02 

17.75 

ms 

3570 

180 

3.01 

1.95 

5.87 

19.80 

Cll 

3720 

170 

2.79 

1.57 

4.38 

16.47 

C12 

3820 

170 

2.75 

1.57 

4.32 

14.04 

as 

3475 

170 

2.88 

1.57 

4.52 

18.26 

ai 

3430 

330 

5.63 

1.57 

8.84 

29.25 

a2 

3625 

330 

5.48 

1.57 

8.60 

27.92 

04 

3910 

330 

5.27 

1.57 

8.27 

29.25 

016 

4010 

170 

2.68 

1.57 

5.22 

20.81 

D17 

406  0 

170 

2.67 

1.96 

5.22 

19.80 

018 

4030 

170 

2.68 

1.96 

5.22 

19.21 

026 

4280 

220 

3.36 

1.96 

8.13 

27 .02 

027 

4120 

220 

3.42 

2.42 

8.28 

29.25 

028 

3790 

220 

3.57 

2.41 

8.64 

27.02 

041 

3970 

180 

2.85 

2.42 

7.06 

22.29 

042 

3720 

180 

2.95 

2.42 

7.14 

24.22 

043 

3200 

180 

3.18 

2.42 

7.70 

22.78 

051 

40  20 

130 

2.05 

2.42 

4.96 

19.80 

0S2 

421U 

130 

2.00 

2.42 

4.84 

18.77 

053 

3930 

130 

2.07 

2.42 

5.00 

18.77 

All 

3575 

180 

3.01 

2.34 

7.04 

22.30 

A12 

3430 

180 

3.07 

2.34 

7.18 

23  .30 

A13 

3395 

180 

3.08 

2.34 

7.21 

22.30 

A14 

3590 

180 

3.00 

2.34 

7.02 

22.30 
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TABLE  A- 2.  RECTANGULAR  SLENDER  BEAM  PROPERTIES  AND  THE 

INCLINATION  OF  THE  CONCRETE  COMPRESSION  DIAGONALS 
AT  ULTIMATE 


Beam 

n 

(psi) 

(psi) 

* 

P 

a 

d 

• 

a 

A1 

3490 

47 .2 

0.80 

3.92 

1.58 

11.17 

A2 

3320 

47.6 

0.80 

4.93 

1.78 

10.76 

A3 

3080 

47  .2 

0.66 

6.91 

1.73 

11.17 

B1 

3390 

69.2 

1.15 

3.95 

2.28 

12.84 

m 

33<0 

70.0 

1.21 

4.91 

2.59 

14.37 

ra 

3620 

70.0 

0.93 

6.93 

2.45 

16 .08 

Cl 

4290 

93  .9 

1.43 

3.95 

2.84 

16.33 

a 

3430 

93 .2 

1.62 

4.93 

3.60 

13.89 

a 

3080 

93.9 

1.32 

6.98 

3.49 

18.38 

R8 

3870 

83.5 

1.34 

3.36 

2.46 

13.63 

R9 

4290 

167 

2.55 

3.36 

4.67 

23.09 

RIO 

4293 

83.3 

1.27 

3.36 

2.33 

16.30 

fill 

3800 

83.3 

1.33 

3.36 

2.48 

14.00 

R17 

1850 

83.5 

1.94 

3.36 

3.56 

17.70 

R18 

4340 

83.3 

1.24 

3.36 

2.27 

14.77 

R19 

4390 

167 

2.52 

3.36 

4.62 

20.42 

130 

6230 

83.3 

1.06 

3.36 

1.94 

13.92 

132 

4280 

83  .3 

1.28 

3.36 

2.35 

13.63 

C305-DO 

3770 

123.1 

2.04 

3.00 

3.53 

20.67 

C310-D10 

3320 

250.2 

4.22 

3.00 

7.30 

31.56 

C310-D20 

3560 

250.2 

4.19 

3.00 

7.26 

30.22 

J13 

4800 

305.3 

4.36 

3.14 

9.80 

34.61 

J14 

4500 

305.5 

4.35 

5.14 

10.32 

36.90 

J20 

43  80 

136.0 

2.06 

5.14 

4.65 

19.21 

J5 

3000 

303.3 

4.32 

4.00 

8.64 

34.92 

J6 

3160 

305.3 

4.25 

4.00 

8.30 

J5.79 

J22 

4420 

136.0 

2.04 

4.00 

4.08 

18.22 
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TABLE  A- 3.  RECTANGULAR  DEEP  BEAM  PROPERTIES  AND  THE 

INCLINATION  OF  THE  CONCRETE  COMPRESSION  DIAGONALS 
AT  ULTIMATE 


Bcaa 

n 

(psl) 

(psi) 

* 

P 

a 

d 

• 

a 

A2 

423  S 

99 

1.52 

2.50 

2.41 

13.39 

A3 

4340 

210 

3.18 

2.50 

5.03 

18.60 

A4 

4145 

393 

6.10 

2.50 

9.56 

28.20 

AS 

3815 

630 

10.20 

2.50 

16.13 

37.23 

Atf 

3720 

900 

14.76 

2.50 

23.33 

42.82 

B3 

4015 

210 

3.38 

3.38 

6.09 

19.87 

O 

4030 

99 

1.56 

4.25 

3.21 

14.94 

C3 

3500 

210 

3.55 

4.25 

7.32 

20.66 

C4 

3730 

393 

6.43 

4.25 

13.27 

30.58 

C5 

4415 

630 

9.48 

4.25 

19.55 

39.40 

E2 

2200 

99 

2.11 

2.50 

3.33 

15.30 

E3 

1980 

210 

4.72 

2.50 

7.46 

27 .41 

E4 

1945 

393 

8.91 

2.50 

14.09 

36.15 

ES 

2475 

630 

12.66 

2.50 

20.02 

43.75 

F3 

6515 

210 

2.60 

2.50 

4.11 

16.56 

O 

3800 

277 

4.49 

2.50 

7.10 

21.26 

G4 

3  880 

416 

6.67 

2.50 

10.55 

26.87 

GS 

3790 

693 

11.26 

2.50 

17.80 

37.11 

n 

4050 

83.5 

1.31 

3.36 

2.40 

11.47 

13 

3990 

83.5 

1.32 

3.36 

2.42 

12.03 

T4 

4710 

83.5 

1.21 

3.36 

2.22 

11.50 

15 

4890 

167 

2.39 

3.36 

4.38 

17.70 

no 

4090 

55.7 

0.87 

3.36 

1.60 

9.73 

n3 

1850 

83.5 

1.94 

3.36 

3.56 

13.93 

122 

4980 

83.5 

1.18 

3  .36 

2.17 

11.51 

125 

7840 

83.5 

0.94 

3.36 

1.73 

11.00 

131 

4495 

83.5 

1.25 

3.36 

2.29 

13.24 

133 

5340 

167 

2.28 

4.5 

4.85 

22.16 

17 

3970 

83.5 

1.32 

3.46 

2.46 

11.51 
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INPUT  PROPERTIES  AND  RESULTS  FOR  ANALYSIS  IN  THE  STATIC  DOMAIN 
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TABLE  B-1.  PROPERTIES  OF  MEMBERS  ANALYZED  STATICALLY,  GROUPS  1,2,3 


Beam 

f'c 

psl 

Width  Depth 

In.  in. 

Length 

in. 

P 

% 

P'  1 

% 

P 

^azlal 

Kips 

Stirrups 

Group  1 

J5 

5000 

8.0 

18.0 

144 

1.10 

0.61 

0 

#3  @  6.00- 

J6 

5160 

8.0 

18.0 

144 

1.10 

1.10 

0 

#3  @  6.00- 

J8 

4680 

8.0 

10.0 

144 

1.98 

1.98 

0 

#3  (3  6.00- 

J13 

4800 

8.0 

14.0 

144 

1.41 

1.41 

0 

#3  @  6.00- 

J14 

4500 

8.0 

14.0 

144 

1.41 

0.79 

0 

#3  @  6.00- 

J17 

3900 

8.0 

10.0 

144 

1.98 

1.98 

0 

#3  @  6.00- 

J18 

4410 

6.0 

10.0 

144 

2.63 

2.63 

0 

#3  @  6.00- 

J20 

4380 

8.0 

14.0 

144 

1.41 

1.41 

0 

#3  @  6.00- 

J22 

4420 

8.0 

18.0 

144 

1.10 

1.10 

0 

#3  @  6.00- 

Group  2 

A1 

3490 

12.1 

18.0 

144 

1.81 

0.180 

0 

#2  @  8.25- 

A2 

3520 

12.0 

18.0 

180 

2.28 

0.182 

0 

#2  @  8.25- 

A3 

5080 

12.1 

18.0 

252 

2.73 

0.182 

0 

#2  (§  8.25- 

B1 

3590 

9.1 

18.0 

144 

2.43 

0.243 

0 

#2  @  7.50- 

B2 

3360 

9.0 

18.0 

180 

2.43 

0.243 

0 

#2  @  7.50- 

B3 

5620 

9.0 

18.0 

252 

3.06 

0.245 

0 

#2  @  7.50- 

Cl 

4290 

6.1 

18.0 

144 

1.80 

0.361 

0 

#2  @  8.25- 

C2 

3460 

6.0 

18.0 

180 

3.66 

0.366 

0 

#2  @  8.25- 

C3 

5080 

6.1 

18.0 

252 

3.63 

0.363 

0 

#2  @  8.25- 

Group  3 

J15 

4400 

8.0 

10.0 

144 

1.98 

1.98 

50 

#3  @  6.00- 

J16 

4550 

8.0 

10.0 

144 

1.98 

1.98 

25 

#3  @  6.00- 

J24 

5000 

6.0 

10.0 

144 

0.67 

0.67 

0 

#3  @  6.00- 

J25 

5050 

6.0 

10.0 

144 

0.67 

0.67 

25 

#3  @  6.00" 

J26 

4600 

6.0 

10.0 

144 

0.67 

0.67 

50 

#3  @  6.00" 

J27 

4920 

6.0 

10.0 

144 

0.67 

0.67 

75 

#3  @  6.00" 

J28 

5020 

6.0 

10.0 

144 

3.33 

3.33 

0 

#3  (3  6.00" 

J29 

4410 

6.0 

10.0 

144 

3.33 

3.33 

25 

#3  @  6.00" 

J30 

4500 

6.0 

10.0 

144 

3.33 

3.33 

50 

#3  @  6.00- 

J31 

4280 

6.0 

10.0 

144 

3.33 

3.33 

75 

#3  @  6.00- 

J34 

4520 

6.0 

10.0 

144 

0.67 

0.67 

75 

#3  @  3.00- 
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TABLE  B-2. PROPERTIES  OF  TENSION  REINFORCEMENT,  GROUPS  1,2,3 


Beam 

Size 

psl 

s 

% 

'.h 

% 

fa 

psi 

‘u 

% 

ffr 

psl 

% 

Group  1 

J5 

2 

#8 

45.1 

0.195 

1.77 

73.7 

16.3 

69.2 

19.5  ' 

J6 

2 

#8 

46.2 

0.178 

1.84 

73.6 

15.0 

68.5 

18.7 

J8 

2 

#8 

45.4 

0.178 

1.92 

72.1 

16.3 

67.0 

18.8 

J13 

2 

#8 

45.6 

0.188 

1.61 

73.3 

15.0 

69.2 

18.8 

J14 

2 

#8 

47.1 

0.183 

1.75 

74,0 

15.0 

69.2 

17.5 

J17 

2 

#8 

46.9 

0.188 

1.69 

73.6 

15.0 

70.5 

18.8 

J18 

2 

#8 

45.4 

0.191 

1.58 

73.2 

15.0 

69.2 

17.5 

J20 

2 

#8 

45.8 

0.185 

1.76 

71.8 

16.3 

65.4 

18.3 

J22 

2 

#8 

46.2 

0.181 

1.68 

73.4 

15.0 

69.2 

17.5 

Group  2 

Al 

4 

#9 

80.5 

0.255 

0.35 

137. 

8.33 

110. 

13.0 

A2 

5 

#9 

80.5 

- 

A3 

#9 

80.1 

B1 

A 

#9 

fin  s 

B2 

A 

#9 

so  s 

B3 

s 

#9 

80.1 

ci 

0 

#9 

80.5 

_ 

C2 

A 

#9 

80.5 

_ 

C3 

A 

#9 

80.5 

Group  3 

J15 

2 

#8 

46.9 

0.170 

1.57 

75.3 

14.5 

71,8 

17.5 

J16 

2 

#8 

45.9 

0.150 

1.68 

72.8 

15.0 

67.9 

18.8 

J24 

2 

#4 

48.5 

0.180 

1.61 

77.8 

16.0 

68.1 

24.1 

J25 

2 

#4 

49.2 

0.175 

1.80 

78.8 

17.0 

73.5 

19.5 

J26 

2 

#4 

49.9 

0.175 

1.44 

81.9 

16.0 

71.9 

17.4 

J27 

2 

#4 

50.0 

0.175 

1.50 

80.1 

15.5 

68.5 

19.9 

J28 

2 

#9 

46.9 

0.160 

1.53 

77.6 

17.0 

76.0 

19.9 

J29 

2 

#9 

48.8 

0.180 

1.36 

80.2 

16.0 

75.8 

24.3 

J30 

2 

#9 

47.0 

0.150 

1.62 

77.5 

16.0 

75.0 

17.9 

J31 

2 

#9 

48.3 

0.145 

1.39 

78.3 

18.0 

74.5 

24.3 

J34 

2 

#4 

48.8 

0.175 

1.40 

81.2 

14.0 

73.5 

17.0 
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TABLE  B-3.-  PROPERTIES  OF  COMPRESSION  REINFORCEMENT,  GROUPS  1.2,3 


Beam 

Size 

psl 

s 

% 

% 

fu 

psl 

% 

r 

psl 

'fr 

% 

Group 

1 

J5 

2 

#6 

48.9 

0.175 

1.22 

82.6 

12.5 

78.4 

13.8 

J6 

2 

#8 

46.4 

0.192 

1.73 

75.0 

15.0 

69.3 

19.5 

J8 

2 

#8 

45.5 

0.162 

1.73 

72.3 

15.0 

66.6 

18.8 

J13 

2 

#8 

46.0 

0.173 

1.98 

71.8 

15.0 

66.7 

18.8 

J14 

2 

#6 

50.0 

0.170 

1.22 

81.2 

12.5 

74.4 

.... 

J17 

2 

#8 

46.8 

0.188 

1.55 

74.9 

15.0 

70.5 

18.8 

J18 

2 

#8 

47.1 

0.191 

1.68 

74.7 

15.0 

70.5 

17.5 

J20 

2 

#8 

46.5 

0.180 

1.74 

73.7 

15.0 

69.2 

18.8 

J22 

2 

#8 

46.4 

0.161 

1.83 

72.3 

15.0 

66.6 

17.5 

Group 

2 

Al* 

2 

#4 

51.0 

0.184 

1.38 

83.8 

16.9 

75.0 

18.5 

Group 

3 

J15 

2 

#8 

47.3 

0.160 

1.57 

75.3 

15.0 

71.8 

18.1 

J16 

2 

#8 

44.7 

0.150 

1.69 

71.4 

15.0 

67.9 

18.8 

J24 

2 

#4 

47.8 

0.175 

1.55 

76.9 

17.5 

65.2 

22.8 

J25 

2 

#4 

49.2 

0.175 

1.77 

78.0 

15.5 

68.0 

22.3 

J26 

2 

#4 

49.0 

0.170 

1.42 

80.3 

16.0 

69.0 

20.6 

J27 

2 

#4 

50.1 

0.175 

1.48 

81.3 

18.0 

69.7 

21.4 

J28 

2 

#9 

46.7 

0.170 

1.62 

77.6 

17.5 

75.0 

23.4 

J29 

2 

#9 

48.6 

0.160 

1.50 

80.4 

15.6 

76.2 

25.0 

J30 

2 

#9 

47.2 

0.145 

1.00 

80.2 

15.8 

75.0 

24.1 

J31 

2 

#9 

47.9 

0.160 

1.44 

80.2 

18.7 

75.5 

24.5 

J28 

2 

#4 

50.3 

0.175 

1.40 

81.9 

16.0 

74.0 

20.4 

*  Same  for  Beams  A1,A2,A3,B1,B2,B3,C1,C2,C3 
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TABLE  B-4.  MOMENT-CURVATURE  AND  LOAD-DEFLECTION  OUTPUT  FOR  BEAM  J8 


MEMBER  NAME 

OUTPUT  FILE  FOR  ORIGINAL  M-C 
OUTPUT  FILE  FOR  CORRECTED  M-C 
TENSION  STEEL  DATA 
YIELD  STRESS 
ULT.  STRESS 
ELASTIC  STRAIN 
STRN-HARD.  STRAIN 
ULT.  STRAIN 
FRACTURE  STRAIN 
NUMBER  OF  BARS 
BAR  SIZE 

COMPRESSION  STEEL  DATA 
YIELD  STRESS 
ULT.  STRESS 
ELASTIC  STRAIN 
STRN-HARD.  STRAIN 
ULT.  STRAIN 
NUMBER  OF  BARS 
BAR  SIZE 


(IF  ANY) 


45400.00000000 

72100.00000000 

1.78000005E-03 

1.92000009E-02 

0.16300000 

0.18799999 

2 

8 

45500.00000000 

72300.00000000 

1.62000000E-03 

1.73000004E-02 

0.15000001 

2 

8 


J-8 

DUMPl 

DUMP2 


TRANSVERSE  REINFORCEMENT  DATA 


YIELD  STRESS 
SPACING  OF  TIES 
BAR  SIZE 


50000.00000000 

6.00000000 

3 


CLOSED  RECT.  TWO  LEGGED  TIES  ASSUMED 
CONCRETE  DATA 

UNIAXIAL  CYLINDER  STRENGTH 
GEOMETRICAL  DATA 
BEAM  WIDTH 
BEAM  HEIGHT 
BEAM  EFFECTIVE  DEPTH 
DEPTH  OF  COMPR.  REINFORCEMENT 
SIDE  COVER(CLEAR  TO  STIRRUPS) 

GENERAL  DATA 
AXIAL  FORCE 

POINT  OF  APPL.  OF  AX.  FORCE 
(FROM  TOP  FIBERS) 

SHEAR  SPAN  (A) 

EXPERIMENTAL  MOMENT 
EXPERIMENTAL  CURVATURE 
NUMBER  OF  DIV.  IN  ELAS.  RANGE 
NUMBER  OF  DIV.  IN  YIELD  PLATEU 
NUMBER  OF  DIV.  IN  STRN-HARD 
ENHANCEMENT  FACTOR  FOR  DYNAMIC 
ANALYSIS  (IF  USE  SDOF) 


4680.00000000 

8.00000000 

12.00000000 

10.00000000 

2.00000000 

1.50000000 

O.OOOOOOOOE-01 

O.OOOOOOOOE-01 

72.00000000 

878.00000000 

O.OOOOOOOOE-01 

5 

20 

30 

1.00000000 


CODE  KEY  TABLE  (3RD  COLUMN  IN  M-C  TABLE) 
CODE  -  1  :  ANY  POINT 

-  2  :  EXPERIMENTAL  MOMENT  REACHED 
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-  3  :  TENSION  STEEL  AT  FRACTURE 

-  4  :  COMPRESSION  STEEL  AT  ULTIMATE 

-  5  :  ULTIMATE  CONCRETE  STRAIN  REACHED 

-  7  :  YIELD  STRAIN  IS  REACHED 

-  9  :  STRAIN  HARDENING  STRAIN  IS  REACHED 


M  0 

M  E  N  T  - 

CUR 

V  A  T  U  R 

E  T  A  B  L 

E 

CURVATURE 

MOMENT 

CODE 

STL- STRAIN 

TEN- FORCE 

KD 

MFEE 

0.000000 

0. 

1 

0.0000 

0. 

0.0000  ' 

0.000054 

124. 

1 

0.0004 

14346. 

3.4660 

0.000109 

248. 

1 

0.0007 

28693. 

3.4960 

0.000165 

371. 

1 

0.0011 

43039. 

3.5300 

0.000221 

493. 

1 

0.0014 

57386. 

3.5670 

0.000278 

614. 

7 

0.0018 

71732. 

3.6070 

0.000386 

622. 

1 

0.0027 

71732. 

3.1320 

0.000492 

627. 

1 

0.0035 

71732. 

2.8440 

0.000598 

631. 

1 

0.0044 

71732. 

2.6520 

0.000703 

634. 

1 

0.0053 

71732. 

2.5150 

0.000811 

637. 

1 

0.0061 

71732. 

2.4310 

0.000918 

639. 

1 

0.0070 

71732. 

2.3700 

0.001026 

639. 

1 

0.0079 

71732. 

2.3240 

0.001134 

640. 

1 

0.0087 

71732. 

2.2890 

0.001243 

641. 

1 

0.0096 

71732. 

2.2620 

0.001352 

641. 

1 

0.0105 

71732. 

2.2390 

0.001460 

641. 

1 

0.0114 

71732. 

2.2190 

0.001569 

640. 

1 

0.0122 

71732. 

2.2020 

0.001677 

640. 

1 

0.0131 

71732. 

2.1880 

0.001786 

639. 

1 

0.0140 

71732. 

2.1760 

0.001895 

639. 

1 

0.0148 

71732. 

2.1660 

0 . 002004 

638. 

1 

0.0157 

71732. 

2.1560 

0.002133 

617. 

1 

0.0166 

71732. 

2.2250 

0.002242 

617. 

1 

0.0175 

71732. 

2.2140 

0.002351 

617. 

1 

0.0183 

71732. 

2.2030 

0.002482 

599. 

9 

0.0192 

71732. 

2.2630 

0.003119 

647. 

1 

0.0240 

79231. 

2.3081 

0.003734 

693. 

1 

0.0288 

84985. 

2.2911 

0.004347 

730. 

1 

0.0336 

89519. 

2.2759 

0.004960 

759. 

1 

0.0384 

93167. 

2.2628 

0.005570 

783. 

1 

0.0432 

96152. 

2.2498 

0.006178 

803. 

1 

0.0480 

98627. 

2.2366 

0.006784 

819. 

1 

0.0528 

100702. 

2.2236 

0.007390 

834. 

1 

0.0575 

102457. 

2.2126 

0.007994 

845. 

1 

0.0623 

103953. 

2.2016 

0.009262 

842. 

1 

0.0671 

105234. 

2.7516 

0.009978 

850. 

1 

0.0719 

106338. 

2.7916 

0.010688 

856. 

1 

0.0767 

107292. 

2.8216 

0.011403 

861. 

1 

0.0815 

108118. 

2.8516 

0.012124 

866. 

1 

0.0863 

108836. 

2.8816 

194 


0.012999 

868. 

1 

0.0911 

109459. 

2.9916 

0.013781 

870. 

1 

0.0959 

110000. 

3.0416 

0.014596 

871. 

1 

0.1007 

110470. 

3 . 1016 

0.015380 

873. 

1 

0.1055 

110877. 

3.1416 

0.016055 

875. 

1 

0.1103 

111228. 

3.1316 

0.016741 

878. 

2 

0.1151 

111529. 

3.1266 

0.017413 

880. 

1 

0.1199 

111786. 

3.1166 

0.018083 

882. 

1 

0.1247 

112004. 

3 . 1066 

0.018765 

884. 

1 

0.1294 

112186. 

3.1016 

0.019431 

885. 

1 

0.1342 

112335. 

3.0916 

0.020096 

886. 

1 

*  0.1390 

112456. 

3.0816 

0.020774 

888. 

1 

0.1438 

112550. 

3.0766 

0.021435 

888. 

1 

0.1486 

112620. 

3.0666 

0.022095 

889. 

1 

0.1534 

112667. 

3.0566  ' 

0.022772 

889. 

1 

0.1582 

112695. 

3.0526 

0.023428 

889. 

1 

0.1630 

112704. 

3.0426 

0.024083 

898. 

5 

0.1678 

112695. 

3.0326 
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ECHO  INPUT  FILE  FOR  BEAM  :  J-8 


MOM-CURV  FILE  (ORIGINAL)  :  DOMPl 
MOM-CURV  FILE  (CORRECTED)  :  DUMP2 
OUTPUT  FILE  NAME  :  DUMP3 


LENGTH  OF  THE  BEAM 
LOAD  POINT  FROM  LEFT  END 
NUMBER  OF  ELEMENTS 
INITIAL  LOAD 
LOAD  INCREMENT 
"  "  AFTER  HINGE  FORMATION 
CONVERGENCE  FACTOR 


144.00000000 

72.00000000 

60 

1.00000000 

2.00000000 

0.50000000 

5.00000007E.02 


BOUNDARY  CONDITION  AT  END  1  -  SS 
BOUNDARY  CONDITION  AT  END  2  -  SS 


LOAD-DEFLECTION  TABLE 


ISTEP  ITER  LOAD  DEFLECT  ICODE  MAX  DEFLECT  MASS  INERTIA  MOMENT 
AT  CENT  VAUJE  LOC  FACTOR  FACTOR  AT  LOAD 


PDEL 

1 

0 

0.0 

0.000 

1 

0.000 

0.0 

0.486 

0.625 

0.0 

2 

0 

3.0 

0.063 

1 

0.063 

72.0 

0.486 

0.625 

99.0 

•  3 

0 

5.0 

0.104 

1 

0.104 

72.0 

0.486 

0.625 

165.0 

4 

0 

7.0 

0.147 

1 

0.147 

72.0 

0.485 

0.625 

231.0 

5 

0 

9.0 

0.189 

1 

0.189 

72.0 

0.485 

0.624 

297.0 

6 

0 

11.0 

0.233 

1 

0.233 

72.0 

0.485 

0.624 

363.0 

7 

0 

13.0 

0.276 

1 

0.276 

72.0 

0.485 

0.624 

429.0 

8 

0 

15.0 

0.320 

1 

0.320 

72.0 

0.485 

0.624 

495.0 

9 

0 

17.0 

0.363 

1 

0.363 

72.0 

0.485 

0.624 

561.0 

10 

0 

19.0 

0.423 

1 

0.423 

72.0 

0.479 

0.620 

627.0 

11 

0 

21.0 

2.096 

7 

2.096 

72.0 

0.394 

0.549 

647.0 

12 

0 

23.0 

3.344 

1 

3.344 

72.0 

0.396 

0.550 

759.0 

13 

0 

25.0 

5.369 

1 

5.369 

72.0 

0.402 

0.554 

825.0 

14 

0 

27.0 

16.242 

1 

16 . 242 

72.0 

0.394 

0.547 

891.0 

15 

0 

27.2 

16.542 

1 

16.542 

72.0 

0.394 

0.547 

896.8 

16 

0 

27.2 

16.601 

1 

16.601 

72.0 

0.394 

0.547 

897.9 
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Figure  B-2.  Detailing  of  Beams:  Group  2 
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Figure  B- 2.  Detailing  of  Beams:  Group  2. 
(concluded) 
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Figure  B-4.  Moment -Curve Cur*  and  Load-Deflection 
Relationships  Bean  J17 
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Figure  B-5.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J18 
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MOMENT-CURVATURE  OF  BEAM  J-14 

MOMENT  (Kip  N  Inches) 


1500 
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■  COMPRESS. 
-CORRECTED 
UST  POINT 
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LOAD-DEFLECTION  FOR  BEAM  J-14 


LOAD  (Klpe) 


-COMPUTED 
o  eXPERIMEfn* 


3  6 

DEFLECTION  (Inches) 


Figure  B-7.  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  J14 
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Figure  B-8.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J20 
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Figure  B-9.  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  J5 
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Figure  B-10.  Moment -Curvature  and  Load-Deflection 
Relationships  Bean  J6 
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Figure  B* 11.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J22 
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Figure  B- 12. Moment -Curvature  and  Load -Deflect ion 
Relationships  Beam  Al 
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Figure  B- IS.  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  B1 
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Figure  B- 16.  Mooenc- Curvature  and  Load-Deflection 
Relationships  Bean  B2 
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MOMENT-CURVATURE  OF  BEAM  B-3 
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Figure  B- 17.  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  B3 
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Figure  B- 20.  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  C3 
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Figure  B-2L  Moment -Curvacure  and  Load- Deflection 
Relationships  Beam  J24 


Figure  B~2Z  Moment • Curvature  and  Load-Oeflectlon 
Relationships  Beam  J25 
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Figure  B- 23. Moment- Curvature  and  Load- Deflection 
Relationships  Beam  J26 
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Figure  8-24.  Mooenc- Curvature  and  Load-Oeflectlon 
Relationships  Beam  J27 
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Figure  B-25.  Moment -Curvature  and  Load- Deflection 
Relationships  Bean  J34 
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MOMENT-CURVATURE  OF  BEAM  J-15 


HONENT  (Kip  «  Inciwi) 


Figure  8-26.  Moment -Curvature  and  Load-Deflection 
Relationships  Beam  J15 


223 


Figure  B- 27.  Moment- Curvature  and  Load-Deflection 
Relationships  Beam  J16 
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Figure  B-281  Moment -Curvature  and  Load- Deflection 
Relationships  Beam  J28 
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Figure  B-29.  Moment  -  Curvature  and  Load- Deflection 
Relationships  Beam  J30 
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APPENDIX  C 


INPUT  PROPERTIES  AND  RESULTS  FOR  ANALYSIS  IN  THE  DYNAMIC  DOMAIN  -  IMPACT 
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TABLE  C-I  PROPERTIES  OF  BEAMS  ANALYZED  DYNAMICALLY 


Beam*  Wldch  Depth  Length  p  p’  Stirrups 


psl 

In. 

In. 

In. 

% 

% 

C-1 

5835 

6.0 

12.0 

106 

2.00 

1.46 

#3  @ 

7.00- 

H-1 

5963 

6.0 

12.0 

106 

2.00 

1.46 

#3  @ 

7.00- 

J-1 

6000 

6.0 

12.0 

106 

2.00 

1.46 

#3  @ 

7.00- 

G-1 

6388 

6.0 

12.0 

106 

2.00 

1.46 

#3  @ 

7.00- 

I-l 

6488 

6.0 

12.0 

106. 

2.00 

1.46 

#3  @ 

7.00- 

•  All  Beams:  d-10  In.,  d'-8.5  In. 


TABLE  C-2.  PROPERTIES  OF  TENSION  REINFORCEMENT,  DYNAMIC  TESTS 


Beam 

size 

psl 

s 

% 

‘.h 

% 

'u 

psl  % 

r.i 

2  #7 

0  Ml 

46.08 

LI  1 1 

0.16 
ft  1 A 

1  LL 

w  •  i 

1  0^ 

n*  1 

j-i 
- 1 

^  Wf 

2  #7 

0  Ml 

Mf  1/ 

47.42 

47.75 

47.00 

X  •  ^0 

i 

I-l 

Z  Wf 

2  #7 

0.14 

1.50 

TABLE  C- 3. PROPERTIES  OF  COMPRESSION  REINFORCEMENT,  DYNAMIC  TESTS 


Beam  Size  f  c  c,j,  c„ 

psl  %  %  psi  % 


c-1 

2  #6 

46.70 

—  — 

H-1 

2  #6 

47.61 

0.15 

1.50  -  - 

J-1 

2  #6 

48.86 

0.16 

1.20  -  - 

G-1 

I-l 

2  #6 

2  #6 

48.30 

47.95 
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Worcrn*,  klp« 


Figure  C-1.  Experimental  Load  and  Reactions  for  Beam  C-1. 
(Reference  77) 
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Deflection,  Inche 


Figure  C-3.  Moment -Curvature  Relationship  for  Beam  C-1 
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Figure  C-6.  Acceleration  Versus  Time  for  Beam  C-1 
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Figure  C-8,  Experimental  Displacement  Versus  Time  for  Beam. 
H-1  (Reference  77) 
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Figure  C-10.  Load -Deflection  Relationship  for  Beam  H-1 
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Figure  C-12.  Acceleration  Versus  Time  for  Beam  H-1 
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-13.  Experimental  Load  and  Reactions  for  Beam  J-1. 
(Reference  77) 


Figure  C-14  Experimental  Displacement  Versus  Time  for  Beam 
J-1.  (Reference  77) 
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Figure  C-16.  Load-Deflection  Relationship  for  Beam  J-1 


241 


Figure  C-17.  Velocity  Versus  Time  for  Beam  J-l 


SDOF  ANALYSIS  OF  S.S.  BEAMS 
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Time,  ■lllloecoirii 


Figure  C-20< Experimental  Displacement  Versus  Time  ^or  Beam 
G-1.  (Reference  77) 


Foreea,  kips 


Figure  C-2L  Experimental  Load  and  Reactions  for  Beam  I-l. 
(Reference  77) 
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Figure  C-22.  Experimental  Displacement  Versus  Time  for  Beam 
1-1.  (Reference  77) 
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APPENDIX  D 


INPUT  PROPERTIES  AND  RESULTS  FOR  ANALYSIS  IN  THE  DYNAMIC  DOMAIN  -  BLAST 
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TABLE  I>-1.  PROPERTIES  OF  WALLS  ANALYZED  DYNAMICALLY  ' 


Wall* 

psl 

(Mpa) 

P 

% 

P' 

% 

I-l 

4951. 

(34.14) 

1.00 

1.00 

1-2 

4951. 

(34.14) 

0.50 

0.50 

' 

1-6 

5547. 

(38.25) 

0.25 

0.25 

•  All 

Walls  h  - 

12.6  in.  (32  ( 

cm. ) ,  d  - 

11.6  in.  (29.5  cm 

L  - 

65.  in.  (165. 

cm) ,  b  - 

158.  in.  (400.  cm 

Web 

Reinforcement 

:  #3  @  4 

in.  (^10  @  10  cm. 

TABLE 

D-2  PROPERTIES  OF  FLEXURAL  REINFORCEMENT  FOR  WALLS 

Wall  Size  and 

fy  Cy 

Spacing 

ksi  % 

%  ksi  % 

(Mpa) 

(Mpa) 

I-l 

30  #7 

@ 

5.25 

71.46 

0.25  — 

-  - 

(^19 

10) 

(492.7) 

( - ) 

1-2 

30  #5 

5.25 

73.29 

0.26  — 

—  115.0 

(^13 

9) 

(505.3) 

(793.2) 

1-6 

15  #5 

5.25 

73.29 

0.26  — 

—  115.0 

(^13 

18) 

(505.3) 

(793.2) 
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OtilAttU  U^mALt. 


Figure  D-5.  Pressure  Distribution  Along  Wall  Height  at 
Various  Times.  (Reference  78) 


Figure  D-6.  Spatial  Distribution  of  Pressure  Early  in  Time. 
(Reference  78) 
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Figure  D.ll.  Experimental  Midspan  Displacement  for  Wall  1-6 
(Reference  78) 


254 
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Figure  D-12-  Moment -Curvature  Relationship  for  Wall  1-1. 


Figure  D-li  Load- Deflection  Relationship  for  Wall  I-l. 
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SDOF  ANALYSIS  OF  WALLS 
R/C  BOX  :  TEST  NO.  II 
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Figure  D-14.  Resistance -Displacement  Relationship  for  Vail 


Figure  D-15.  Acceleration  Versus  Time  for  Wall  I-l. 
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Figure  D-17.  Base  Shear  Resistance'Dlsplacement  for  Wall  I-l 
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Figure  D-18.  Moment 'Curvature  Relationship  for  Wall  1-2 
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Figure  D-li  Load-Deflection  Relationship  for  Wall  1-2. 
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Figure  D-21.  Acceleration  Versus  Time  for  Wall  1-2. 
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SDOF  ANALYSIS  OF  WALLS 
R/C  BOX  :  TEST  NO.  12 

SHEAR  FORCE  (Kips) 


Figure  D-22.  Base  Shear  Force  Versus  Time  for  Vail  1-2. 
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Figure  D-27.  AcceleraCton  Versus  Time  for  Well  1-6. 
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Figure  D-28.  Base  Shear  Force  Versus  Time  for  Wall  1-6. 
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Figure  D-29.  Base  Shear  R«5istance-Dtsplacement  for  Wall  I- 
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